PSEUDO-CONFORMAL QUATERNIONIC CR STRUCTURE ON 
(An + 3)-DIMENSIONAL MANIFOLDS 



DMITRI ALEKSEEVSKY AND YOSHINOBU KAMISHIMA 

Abstract. We study a geometric structure on a (An + 3)-dimensional smooth manifold M which 
is an integrable, nondegenerate codimension 3-subbundlc T> on M whose fiber supports the struc- 
ture of 4n-dimensional quaternionic vector space. It is thought of as a generalization of the 
quatcrnionic CR structure. In order to study this geometric structure on M, we single out an 
sp(l)-valued 1-form lo locally on a neighborhood U of M such that Nullaj = T>\U . We shall 
construct the invariants on the pair (M, w) whose vanishing implies that M is uniformized with 
respect to a finite dimensional fiat quaternionic CR geometry. The invariants obtained on (4n+3)- 
M have the same formula as the curvature tensor of quaternionic (indefinite) Kahler manifolds. 
From this viewpoint, we shall exhibit a quaternionic analogue of Chern-Moser's CR structure. 



Introduction 

The Weyl curvature tensor is a conformal invariant of Riemannian manifolds and the Chern- 
Moser curvature tensor is a CR invariant on strictly pseudo-convex Ci?-manifolds. A geometric 
significance of the vanishing of these curvature tensors is the appearance of the finite dimensional Lie 
group Q with homogeneous space X. The geometry (Q, X) is known as conformally flat geometry 
(PO(n+l, 1), S n ), spherical Ci?-geometry (PU(ri+l, 1), S 2n+1 ) respectively. Similarly, the complete 
simply connected quaternionic (n + l)-dimensional quaternionic hyperbolic space H£j +1 with the 
group of isometrics PSp(n + 1,1) has the natural compactification homeomorphic to a (An + 4)-ball 
endowed with an extended smooth action of PSp(n + 1, 1). When the boundary sphere g 4 ™+ 3 of 
the ball is viewed as the real hypersurface in the quaternionic projective space HP" +1 , the elements 
of PSp(n + 1, 1) act as quaternionic projective transformations of S 4n+3 . Since the action of 
PSp(n+l, 1) is transitive on S 4n+3 , we obtain a flat (spherical) quaternionic CR geometry (PSp(n+ 
1, 1), S 4n+3 ). (Compare 521-) Combined with the above two geometries, this exhibits parabolic 
geometry on the boundary of the compactification of rank one-symmetric space of noncompact 
type. (See [H|,m],[IU,E)]) This observation naturally leads us to the problem of the existence 
of a geometric structure on a (An + 3)-dimensional manifold M and the geometric invariant whose 
vanishing implies that M is locally equivalent to the flat quaternionic CR manifold 5 4 ™ +3 . For this 
purpose we shall introduce a notion of pseudo-conformal quaternionic CR structure (2?, {w a } a =i,2,3) 
on a (An + 3)-dimensional manifold M. First of all we recall a pseudo-conformal quaternionic 
structure which is discussed in Contrary to the nondegenerate CR structure, the almost complex 
structure on T> is not assumed to be integrable. However, by the requirement of our structure 
equations, we can prove the integrability of quaternionic structure in H2.ll 



Date: February 1, 2008. 

1991 Mathematics Subject Classification. 53C55, 57S25.51M10 con-cr05.tex. 

Key words and phrases. Quaternionic Kahler manifold, G-structure, integrability, uniformization, transformation 
group. 



2 



Theorem A. Each almost complex structure J a of the quaternionic CR structure is integrable on 
the codimension 1 contact subbundle Nullum (a — 1,2,3). 

A (4n + 3)-dimensional complete simply connected quaternionic pseudo-Riemannian space form 
Sg + p ' q of type (3 + 4p, Aq) with constant curvature 1 has been introduced in [22] (p + q = n). 
In we show that this is a model space of nondegenerate quaternionic CR structure. There 
exists a canonical pseudo-Riemannian metric g associated to the nondegenerate pseudo-conformal 
quaternionic CR structure. Then we see in S^l that the integrability of three almost complex 
structures { </ Q } Q =i.2,3 is equivalent with the condition that (M, g) is a pseudo-Sasakian 3-structure. 
(Compare 0].) Using the pseudo-Riemannian connection of the pseudo-Sasakian 3-structure, we can 
define a quaternionic CR curvature tensor (cf. fJSJ. Based on this curvature tensor, we shall establish 
a curvature tensor T which is invariant under the equivalence of pseudo-conformal quaternionic CR 
structures in The (4n + 3)-dimensional manifold S 3+Ap,Aq introduced in SjTJis a pseudo-conformal 
quaternionic CR manifold with all vanishing pseudo-conformal QCR curvature tensor. The model 
g3+4p,4q contains T^ rAp,Aq as an open dense subset. In fj^l we shall describe an explicit formula of 
our tensor T (cf. Theorem 19. 1|1 . 

Theorem B. Let T = (T'- M ) be the fourth-order curvature tensor on a nondegenerate pseudo- 
conformal QCR manifold M in dimension 4n + 3 (n > 0). If n> 2, then T = (T^ ki ) 6 7?o(Sp(p, q) ■ 
Sp(l)) which has the formula: 



When n = 1, T = {W* kl ) G 7?-o(SO(4)) which has the same formula as the Weyl conformal curvature 
tensor. When n = 0, there exists the fourth-order curvature tensor TW on M which has the same 
formula as the Weyl-Schouten tensor. 

We shall prove that the vanishing of curvature tensor T on a nondegenerate pseudo-conformal 
quaternionic CR manifold M of type (3 + 4p, 4q) gives rise to a uniformization with respect to the 
flat (spherical) pseudo-conformal quaternionic CR geometry in tl8.ll see Theorem 19.31 (Compare 
|21j for uniformization in general.) 

Theorem C. 

(i) If M is a {An + 3)- dimensional nondegenerate pseudo-conformal quaternionic CR manifold 
of type (3+4p, Aq) (p+q = n > 1) whose curvature tensor T vanishes, then M is uniformized 
over S 3+ip ' iq with respect to the group PSp(p + l,q + 1). 

(ii) If M is a 3- dimensional pseudo-conformal quaternionic CR manifold whose curvature ten- 
sor TW vanishes, then M is conformally fiat (i.e. locally modelled on S 3 with respect to the 
group PSp(l, 1) ). 

In particular, if p = n, q = 0, then 5' 3 + 4 '^ — S 4n+3 is the positive-definite flat (spherical) 
quaternionic CR and our pseudo-conformal quaternionic CR geometry is the spherical quaternionic 
CR geometry (PSp(n+ 1, 1), 5' 4n+3 ) as explained in the beginning of Introduction. By Theorem C, 
if M is a fiat (spherical) pseudo-conformal positive definite quaternionic CR manifold, then there 
exists a developing map dev : M— >S 4n+3 = S in+3 '° from the universal covering space M . It is an 
immersion preserving the pseudo-conformal quaternionic CR structure such that dev* loq — A • Q ■ A 
where w is the lift of oj to M. As the global case, positive-definite pseudo-conformal quaternionic 
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CR manifolds contain the class of 3-Sasakian manifolds. (Refer to [E] , > EH] > ES31 f° r Sasakian 
structure.) However, we emphasize that the converse is not true. We shall recall two typical classes 
of compact (spherical) pseudo-conformal quaternionic CR manifolds but not Sasakian 3-manifolds 
|14j : one is a quaternionic Heisenberg manifold A4/T. Some finite cover of M./T is a Heisenberg 
nilmanifold which is a principal 3-torus bundle over the flat quaternionic n-torus TJJ. (Compare 
Another manifold is a pseudo-Riemannian standard space form Ejj^' n /T of constant negative 
curvature of type (4n,3). It is a compact quotient of the homogeneous space S» ™ = Sp(l, n)/Sp(n). 
Some finite cover of £g 4n /r is a principal S^-bundle over the quaternionic hyperbolic space form 
Hjj/r*. Those manifolds arc not positive-definite compact 3-Sasakian manifolds. (Compare |14|. 
more generally.) 

When a geometric structure is either contact structure or complex contact structure, it is known 
that the first Sticfcl- Whitney class or the first Chern class is the obstruction to the existence of 
global 1-forms representing their strutures respectively. As a concluding remark to the pseudo- 
conformal quaternionic structure but not necessarily pseudo-conformal quaternionic CR structure, 
we verify that the obstruction relates to the first Pontrjagin class pi(M) of a (4n + 3)-dimensional 
pseudo-conformal quaternionic manifold M (n > 1). In H10I we prove that the following relation of 
the first Pontrjagin classes. (See Theorem 1 10. 41 ) 

Theorem D. Let (M,T>) be a (An + 3) -dimensional pseudo-conformal quaternionic manifold. 
Then the first Pontrjagin classes of M and the bundle L = TM/T> has the relation that 2p\(M) = 
(n + 2)pi(L) . Moreover, if M is simply connected, then the following are equivalent. 

(1) 2p\(M) — 0. In particular, the first rational Pontrjagin class vanishes. 

(2) There exists a global ImM-valued 1-form to on M which represents a pseudo-conformal 
quaternionic structure T>. In particular, there exists a hypercomplex structure {I, J, K} on 
V. 



1. Pseudo-conformal quaternionic CR structure 

When H denotes the field of quaternions, the Lie algebra sp(l) of Sp(l) is identified with ImH = 
Ki + Kji + Kfe. Let M be a (4n + 3)-dimensional smooth manifold M. A 4n-dimensional orientable 
subbundle T> equipped with a quaternionic structure Q is called a pseudo-conformal quaternionic 
structure on M if it satisfies that 

(i) V U [V, V] = TM. 

(ii) The 3-dimensional quotient bundle TM/T> at any point 
is isomorphic to the Lie algebra ImH. 

(iii) There exists a ImH-valued 1-form u> = to\i + L02J + i-u^k 

locally defined on a neighborhood of M such that 

(1.1) 3 

T> = Nullw = n Nullti) Q and duj a \D is nondegenerate. 

a— 1 

Here each u a is a real valued 1-form (a = 1, 2, 3). 

(iv) The endomorphism J 7 = (dLo^T))^ 1 o (eL^l?) : T>— *T> 
constitutes the quaternionic structure Q on T>: 

J 7 2 = —1, J a Jp = J 7 = —JpJa: (7 = 1, 2, 3) etc. 
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We note the following from the condition (iv). 
Lemma 1.1. Put a a = (djjj a \D) on T>. There is the following equality: 

ai(JiX, Y) = a 2 (J 2 X, Y) = (X 3 (J 3 X, Y) (V X,Y G V). 

Moreover, the form 

(1.2) /-<T„oJ a 

is a nondegenerate Q-invariant symmetric bilinear form on T> (a = 1,2,3), i.e. g v (X, Y) = 
g V (J a X, J a Y), g v (X, J a Y) = a a (X,Y), etc., (a =1,2,3). 

Proof. By (iv), it follows that 

a a (J a X,Y) = a a (Jp(J 7 X),Y) = a 7 (J 7 X,Y) 
(1 ' 3) =a 1 {J a {J X),Y) = Gf } {JpX,Y). 

Put g v (X, Y) — a a (J a X, Y) for X, Y 6 T> (a = 1, 2, 3), which is nondegenerate by (Hi). As — Jp = 
cr^ 1 o a a by (iv), calculate that g v (Y,X) = —a a (X,J a Y) — a-y(JpX, J a Y) = — cra(F, JpX) = 
g v (X, Y). It folows that g v (X, Y) = cr a (J a X, Y) = a a (J a (J a Y), J a X) = g v (J a Y, J a X). □ 



In general, there is no canonical choice of to which annihilates T>. The fiber of the quotient 
bundle TM/T) is isomorphic to Im H by u> on a neighborhood U by (ii). The coordinate change of 
the fiber EI is described as v^X ■ v ■ /i for some nonzero scalars fi, v € H. If oj' is another 1-form 
such that Nullcj' = T> on a neighborhood U', then it follows that u>' = A • u> ■ fi for some functions 
A, /x locally defined on U D U'. This can be rewritten as uj' — u ■ a ■ lu ■ b where a, b arc functions 
with valued in Sp(l) and u is a positive function. Since Co' — —uj 1 ' , it follows that a ■ uj ■ b = b ■ lu ■ a, 
i.e. (ba) ■ to ■ (ha) = u>. As w : T(U n U')— *Im H is surjective, ba centralizes Im H so that ba £ K. 
Hence, b — ±a. As we may assume that T> is orientable, uj' is uniquely determined by 

(1.4) uj' = u ■ a ■ uj ■ a for some functions a £ Sp(l), u > on U n U'. 

We must show that the definition of I|1.1J) does not depend on the choice of any form uj' of 
(|1.4|l locally conjugate to uj, i.e. it satisfies (Hi), (iv). Differentiate the equation (|1.4(l which yields 
duj' = u ■ a ■ du ■ a on T>\U fl U'. Let ^4 = (oy) G SO(3) be the matrix function determined by 




When w is replaced by uj' , a new quaternionic structure on T> is obtained as 



(1.6) 















4 j 







Note from l|1.4(l that 



3 3 3 

(1.7) (0/1,0/2,0/3) = (wi,o;2,o;3)u • A = u(^2 apiujp, ^ a f32Up, 2J 0/33^/3)- 

/3=1 13=1 0=1 
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Differentiate l|l .7|l and restricting to T>, 

duj' a (X,Y) = u^^af3 a dujp{X,Y) f Lemma ll .If) 

P 

= -u(a la g v (,hX, Y) + a 2a g v (J 2 X, Y) + a 3a g v (J 3 X, Y)) 
= -ug T '((a la Ji +a 2a J2 + a 3a J 3 )X,Y) = -ug v (J' a X,Y). 

ft follows 

(f .8) du' a (J' a X, Y) = ug v (X, Y) (a = 1, 2, 3). 

In particular, dui' a \T> is nondegenerate, proving (Hi). Put a' a = du' a \T>. As in (iv), the endo- 
morphism is denned by the rule: I\ = io'^Vy 1 o (a' a \V), i.e. cr^I'A, Y) = a' a (X,Y) (VX,Y G 
V.). Then we show that {I' a } a =i,2,3 coincides with {J' a } a =i,2.3 on V. For this, as a' a (X,Y) = 
-ug v (J' a X,Y) by JO}, it; follows that o^(J'A,r) = -ug v (J'^X) , Y) and the above equality 
implies that J' p (I^X) = J' a X (VX G £>). Hence, = -J' p J' a = J' T This proves (iv). 

The nondegenerate bilinear form g° is locally defined on T>\U of signature (4p, 4g) with Ap- 
times positive sign and 4g-times negative sign such that p + q = n. As above put g' (A, V) = 
du' a (J' a X, Y) (A, Y eV). We have 

Corollary 1.2. If u>' = ud ■ u> ■ a on U D U', then 

I'D v 

9 = u ■ g . 

In particular, the signature (p, q) is constant on U DU' ( and hence everywhere on M ) under the 
change uj' = ua ■ uj ■ a. 

Consider locally the structure equation: 

(1.9) p a = du> a + 2ujp A uj~ i 

where (a, (3, 7) ~ (1, 2, 3) up to cyclic permutation. If the skew symmetric 2-form p a satisfies that 

(1.10) Nullpi = Nullp 2 = Nullps, 

then the pair (to, Q) is a local quaternionic CR structure on M. See 01- If the quaternionic CR 
structure is globally defined on M, i.e. there exists a ImH-valued 1-form uj defined entirely on M, 
then it coincides with the pseudo-Sasakian 3-structure of M, see fl4.II 

We introduce the following definition due to the manner of Libermann |25| . 

Definition 1.3. The pair (T>, Q) on M is said to be a pseudo-conformal quaternionic CR structure 
if there exists locally a 1-form rj with Null 77 = T> on a neighborhood U of M such that rj is conjugate 
to a quaternionic CR structure on U . Namely there exists a ImW-valued 1-form uj representing the 
quaternionic CR structure of U for which rj = X • u ■ X where X : U — >1HI is a function and X is the 
conjugate of the quaternion. 

2. Quaternionic CR structure 

Suppose that uj is a quaternionic CR structure on a neighborhood of M. Let p a — diOa + liophuj^ 
be as in fDty. Put V = Nullp Q (a = 1,2,3) (cf. (QUI) ). Since dim£> = 4n, let {vx,v 2 ,v 3 } be a 
basis of V. Put 0Ji(vj) — ay. As uj\ A u>2 A uj 3 \V 7^ 0, the 3 x 3-matrix (ay) is nonsingular. Put 
bij = '(ay) -1 and = J2 b jkVk- Then w a (£p) = 5 aj3 and locally, 

(2.1) V = {&,,<* =1,2, 3} 
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Lemma 2.1. Let C be the Lie derivative. Then, C^ a (T>) — T> (a = 1,2,3). 
Proof. For XeV, u p (C^(X)) = up([£ a ,X}). As 

= pp(£ a ,X) = dup(£ a ,X) + 2u 1 Au a (£ a ,X) = ^(-up([^ a ,X\), 

we have wp([£ a ,X]) = for /3 = 1, 2, 3. Hence, £ €oi (X) G D = Q Null up. 

□ 

We prove also that C(V = V for £ e V. 

Lemma 2.2. XTie distribution V is integrable. The vector fields £ a determined by (|2.1(l generates 
the Lie algebra isomorphic to so(3), z.e. [£ Q ,£/3] = 2£ 7 . (a,j3, 7) ~ (1,2,3). 

Proof. By (|2~T|) . note that 

(2.2) v={teTM i pi(e,«) = P2(e,«) = ps(e s «) = o, v«eTM} = {e Q ; « = 1,2,3}. 

Since = p Q (£/3,£ 7 ) = ^ ([£/9, £ 7 ]) + 2), it follows that [£/3,£ 7 ] - 2£ Q S Null w Q . Applying 
Pp(t/3,€y) = 7j(-W/3([£,3>£y]) + 0) = 0, it yields also that [£g,£y] - 2£ Q e Null w^. Similarly as 

3 

p 7 (£/3,£ 7 ) = 0, we obtain [£s,£ 7 ] - 2£ Q e Q^ull up = 2? for a = 1,2,3. As p a ([£p,ti-y] ~ 2£a,v) = 
Pa([^p, £7], v) for arbitrary d£D, By the definition of p Q , calculate 

P<x([t0,€-y],v) = -^fi([[^p,^]M) 

= ^(up([[£ 1: v],£p]) + u>p([[£p,v],£y])) (by Jacobi identity) 
= (by Lemma |2~T|) . 

Since p a is nondegenerate on T> by (m), [£/3,£ 7 ] = 2£ Q (a = 1,2,3). Hence, such a Lie algebra V 
is locally isomorphic to the Lie algebra of SO (3). □ 

We collect the properties of u a ,p a , J a , g v '. (Compare 0].) 

Lemma 2.3. Up to cyclic permutation of (a, /3,7) ~ (1,2,3), the following properties hold. 

(1) £-U W a = 0, C^ a Up = LU 7 = -jC^U a . 

(2) C^ a p a = 0, = p 7 = -C^Pa- 

(3) C^ a J a — 0, C^ a Jp — J 7 = —£^ J a . 

(4) £^<? p = 0. 

Proof. (1). First note that ij Q u; a (a;) = w Q (£ Q ) = 1 (x € M), (w^ A w 7 )(A) = A w 7 (£ Q , X) = 
(a 7^ /3,7), and i ?q/ o q (A) = p a = by JS^J. 

C^ a u a — [di£ a + L^ a d)u a = i£ m du a — i£ a (~2ujp A u> 7 + p a ) by (|1.9|) 

= —2^ {up Au 7 ) + t^ a p Q = 0, 

Next, 

C^ a up = L£ a dup = 2w 7 Aw„ + = — 2t^ Q (w 7 A w a ), 
while — 2i^ Q (tJ 7 A w Q )(u) = for v $ Null u 1 and — 2t^ Q (u 1 A w Q )(£ 7 ) = 1. Hence C^ a up — oj 7 . 
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(2). 



(2.4) 



Similarly, 



C^ a pp = (dujfj + 2w 7 A uj a ) 

= (di£ a + i£ a d)du>p + 2C^ a (w 7 A ui a ) 

= du^ a duip + 2C^ a u) 1 Au> a + 2uj 1 A C^ a Lo a 

— d(C^ a — dt,£ a )u>f3 + 2£^ q w 7 A u> a (by (1)) 

= d(C^ a ujp) — 2C^ y uj a A u> a — duj 1 — 2u>p A to a 

— dw 1 + 2to a A uip = p 7 . 



(2.5) 



C^ a Pa — (du> a + 2ujp A OJ-y) 

= di^ a dio a + 2C^ a ujp A lo 1 + 2up A C^ a u> 7 
= d(C^ a — db£ a )uj a + 2oj 7 A ujj + 2u>p A (—cop) 
= d£s a Lu a = (by (1)). 

(3) . As C 6a p a = by property (2), 

= C ia (a a {JpX,Y)) - a a (£ £a {JpX),Y) - a a (J fj X, C ia Y). 

Noting that Jp = er^ 1 o a 1 by Lemma ll. II we have 

a a ((C (a Jp)X, Y) = a a {C u {JpX), Y) - a a (J p C ia (X), Y) 
= C ea ((r a (JpX,Y))-a a (J p X,£ ia Y)-a a (Jp£ 6a X,Y) 
i2A>) = (C £a a y )(X,Y) = -ap(X,Y) (by property (2)) 

= ct q (J 7 A, Y) 

As a a is nondegenerate on T>, C^ a Jp = J 7 . Similarly, 

a 7 (0Q„ J a )X, Y) = a 7 (C (a (J a X),Y) - a 7 ( J a C (a (X),Y) 
= -(C 6a a-y){J a X, Y) + C ia (a 7 (J Q A, Y)) 
~a^{J a X,Cs Y)-aJJ a Cf X, Y) 

(2.7) 

= MJ a X,Y)+£ ia {ap(X,Y))-ap(X,£ 6a Y)-a {C ia X,Y) 
= ap(J a X, Y) + (C^ap)(X,Y) 
= -<7- ( (X,Y) + cr 7 (X,Y) = 0, 

it follows that C^ a J a = 0. 

(4) . Recall from Lemma Q1 that g v (X,Y) = a a (J a X,Y) = p a (J a X,Y) (X, Y e V) for each 
Then 

(C ia9 V )(X,Y) = U9 V (X,Y)) g v {C ia X,Y) g v (X,C i Y) 
= (La{pp{JpX,Y))- pp (JpL^ X, Y) — pp(JpX, C^ a Y). 

On the other hand, C^ a pp — p 7 by property (2) and so 

fa (pp(JpX,Y))= pp (C 6a JpX,Y)+pp (JpX, C Sa Y)+ p^JpX, Y) . 
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Substitute this into the equation Q2.8JI . 

{C u g v )(X, Y) = p p {C u J X, Y) + p p (J P X, C ia Y) 

+ Pl { J P X, Y) - Pfii JpC^X, Y) - p (JpX,£ ia Y) 
= p l3 ((C ia J l3 )X,Y)+ p-^JpX.Y) (by property (3)) 
= p (J 7 X,Y)+p 1 (J /3 X,Y) = O, 

hence, C^ a g v = 0. 



□ 



2.1. Three CR structures. Let ({u a }, { J a }, {£, a }', Q = 1,2,3) be a nondegenerate quaternionic 

3 

CR structure on U C M such that T>\U — n Nullo; Q . We can extend the almost complex structure 

a— 1 

J a to an almost complex structure J a on Nullum = T> © {£,f3,£,~f} by setting: 
(2.9) 

(a, (3, 7) is a cyclic permutation of (1,2,3). First of all, note the following formula (cf. |19p: 

(2.10) Cx(LYdUa) = t(CxY)du a + t-Y£xduJa = t[x,Y] duj a + tY^xduJa (VX, Y eTU). 
Secondly, we remark the following. 

Lemma 2.4. For X E V, 

Lxdua = Lj e xdu! b (a, b, c) ~ (1, 2, 3). 

Proof. Let TC/ = X> © V where 1/ = {6,6,6}- If X G X>, then du; Q (X,£) = for V £ G V". As 
du)b(J c X,£) = similarly, it follows that ixdu> a = ^.j a xdiOb — on V. If Y G P, calculate 

dw (X,y) = -dw a (J a (J a X),Y) = -^ fc (J b (J a X),F) (from LemmaHU 
= dwf,( J C X, y), hence ixdio a — tj^xdiOb on J7. 

□ 

In particular, we have 

(2.11) t x duo 2 = t.hxduj 3 for V X G P. 

There is the decomposition with respect to the almost complex structure J\\ 

Null wi®C = P©Cffi {6, 6} ® c 

where T 1 - = 2? 1 - © {6 - *&}• We shall observe that the same formula as in Lemma 6.8 of 
Hitchin can be also obtained for T>. (We found Lemma 6.8 when we saw a key lemma to the 
Kashiwada's theorem [17].) 



Lemma 2.5. IfX } Ye V 10 , then 



L [X,Y]duJ2 — iL[x,Y]db>Z 
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Proof. Let X G I? 1 ' so that JiX = iX, then 

C x dio 2 = (di x + Lxd)dL0 2 = d(L X duj 2 ) = d(i JlX du) 3 ) (by Q2.11|0 

(2.13) 

= i(dix)du>3 = i{Cx — ixd)dcj 3 = i£xduj 3 . 

Applying Y £ T> 10 to the equation l|2. Llfl and using the formula p.lOJ) (extended to a C-valued 
one), 

Cx{i<Ydiju 2 ) — ^x^Jxyduj^) = iCxi^ydijJs) (from H2.11fl ) 

(2.14) = ii[ X ,Y]duJz + LyiC-xdjOz 

= i L [x,Y]d^3 + lyUxdui^ (by l |2.13| lL 
Compared this with the equality (|2.10() to uj a = u>2, we obtain ii\x,Y] < ^ L ' 3 = L [x,Y\d^>2- 

□ 

We prove the following equation (which is used to show the existence of a complex contact 
structure on the quotient of the quaternionic CR manifold by S 1 

Proposition 2.6. For any X, Y £ T> 10 , there exsist a £ R and u £ T> >° such that 

[X,Y} = a(&-i&) + u. 
Conversely, given an arbitrary a £ K, we can choose such X, Y £ T> ' and some u £ D 1 ' . 

Proof. As g(J a ;J a -) = ff(v) (cf. Lemma OJ , we note that du^V 1 ' , V ' 1 ), dw 2 \(D 1 ' , V 1 ' ), 
du 3 \(T> lfi ) T> 1 ' ) are nondegenerate. Given X, Y £ V 1 ' , put dw 2 {X,Y) = g(X,J 2 Y) = ~a for 
some nei (Note that conversely for any a £ K, we can choose X,Y £ V 1 ' such that duj 2 (X, Y) = 
g(X,J 2 Y) = — —a.) Then uj 2 ([X, Y}) — a so that there is an element v £ Nullw 2 <8> C such that 

[X,Y] -a-&=v. As duo 3 {X,Y) = g{X,JxJ 2 Y) = -g(X, J 2 (JiY)) = -ig{X,J 2 Y) = ~a, it 
follows that uj 3 ([X, Y]) — —ia. Since uj 3 (v) = uj 3 ([X,Y] — £ 2 ) = W 3([A, Y]), v = —ia ■ £ 3 + u for 
some u £ Nullum ® C. Then we have that [X, Y] — a(£ 2 — i£ 3 ) + u. Obviously, w 2 (u) — 0. As 
X,Y £ V 1 ' , wi(u) = ui([X,Y]) = -2dwi(X,F) = for which u G V <g> C. We now prove that 
u G First we note that 

(2.15) t[x : y]^2 = at (C2 _ i?3) dw 2 + L u dw 2 . 

As £ 2 (respectively £3) is characteristic for uj 2 (respectively ui 3 ) from Lemma 12.31 b^ 2 dio 2 = 
(respectively L,^ 3 diu 3 — 0). Using (|3.9|l . the function satishes dL^ 3 u> 2 = (respectively di^ 2 uj 3 = 0). It 
follows that i^dio 2 = (£f 3 — di^ 3 )uj 2 — C^ 3 u> 2 = —w\. Then L,^_^^.doj% — {i^ 2 dio 2 — ii^ 3 duj 2 ) = 
so (|2.15|l becomes 

(2.16) L{x,Y\d-o 2 — aiuji + i u doj 2 . 
As J~-£ 2 lu 3 = u>\, it follows L^ 2 duj 3 = u)\. Similarly 

(2.17) L [x .Y]duJ3 = ai (£ 2 -i£ 3 ) duj 3 + L udu 3 = auji + i u duj 3 . 

Substitute (|2.16l) . I|2.17|) into the equlaity i\x,Y\du 2 = ii]x,Y]d^3 of Lemma |2.5I which concludes 
that 

(2.18) b u duj 2 — ii u du> 3 . 

Since dcu 2 (u, X) = duj 3 (J\u, X) for any X £ T> ® C, l|2.18(l implies that 

(2.19) du> 3 (Jiu, X) = i u duj 2 {X) = duj 3 (iu,X). 
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As du>3 is nondegenerate on V (and so is on T> ® C), we obtain that Jiu = iu. Hence, u G D 1 ' . 

□ 

By definition a Ci? structure on an odd dimensional manifold consists of the pair (Nullw, J) where 
ijj is a contact structure and J is a complex structure on the contact subbundle Nulla; (i.e. J is 
integrable). In addition, the characteristic vector field £ for w is said to be a characteristic CR- 
vector field if C^J — 0. Consider (Nullw a , J a ) on U (a — 1,2,3). By Lemma 12.31 each £ a is a 
characteristic vector field for uj a on U. From (3) of Lemma l2~3l C^ a J a = 0. It is easy to check that 

ZtJa =0. 

Theorem 2.7. Each J a is integrable on Nullum . As a consequence, a nondegenerate quaternionic 
CR structure {oj ai J a } a =l,2,3 on a neighborhood U of M 4n+3 induces three nondegenerate CR 
structures (Nullw^, J a ) equipped with characteristic CR-vector field £ Q for each uj a (a — 1,2,3). 
In fact, uj a {£ a ) = 1 and duj a (i a ,X) = 0(VIe TM) (a = 1, 2, 3). 

Proof. Consider the case for (Nullum, J x ). Let Nullum ® C = T 1: ° © T 0,1 where T 1,0 = V lfi © {£ 2 - 
By Proposition 12.61 if Jf, Y S D 1 ' , then there exist elements a€l and u S 2? 1 ' such that 
[X, Y] = a(^2 — ££3) + u - By definition, 

(2.20) Ji[X,Y] = aJi(& ~ + Ji« = o»(& - i&) + *« - 

it follows [X,Y] £ T l a . It suffices to show that the element [f 2 - i£ 3 ,u] £ T 1 ' for t> e I? 1 ' . As 
^?2^i = and -J 3 v = (C^ 2 Ji)v = C^ 2 (Jiv) - Ji(£ ?2 w), 

(2.21) Ji(£&v) = J 3 v + iC^v. 

Note that [£2 — i£3,v] = £$ 2 v — iC-^v G f®C on which J a = J a . Then Ji[^2 — i£,3,v] = 
Ji(C^ 2 v) — iJ\{L^ 3 v). Moreover, as J 2 v = (C^ 3 J\)v = iC^ 3 (v) — Ji(C^ 3 v) and J2V = J 3 J\v — iJ 3 v, 
it follows that J\(C^ 3 v) — —iJ 3 v + iC^ 3 v. Using this equality and 12.21fl . it follows that 

^ M&-i&,v] = Ji(C i2 v) - iJi(C i3 v) = iC i2 v + C i3 v 

Therefore, [T 1,0 , T 1,0 ] C T 1 ' so that J x is a complex structure on Nullwi, i.e. (NuIIoji, Ji) is a CR 
structure on U . The same holds for (Null Wb, Jb) (b = 2, 3). 

□ 

3. Model of QCR space forms with type (4p + 3, 4g) 

Suppose that p + q = n. Let H™ +1 be the quaternionc number space in quaternionic dimension 
n + 1 with nondegenerate quaternionic Hermitian form 

(3.1) (x,y) =xiyi H h x p+1 y p+1 - x p+2 y P +2 x n +iy n +i- 

If we denote Ke(x,y) the real part of (x,y), then it is noted that Re( , ) is a nondegenerate 
symmetric bilinear form on H™ +1 . In the quaternion case, the group of all invertible matrices 
GL(n + 1,H) is acting from the left and H* = GL(1,H) acting as the scalar multiplications from 
the right on H' i+1 . which forms the group GL(n + 1,H) ■ GL(1,H) = GL(n + 1,H) x GL(1,H). 

R* 

Let Sp(p + l,q) ■ Sp(l) be the subgroup of GL(n + 1,H) ■ GL(1,H) whose elements preserve the 
nondegenerate bilinear form Re( , ). Denote by T^ Av,Aq the (4n + 3)-dimensional quadric space: 

{(zi,--- ,z p+1 ,w ir -- ,w q ) ei" +1 I 

ll(^)ll 2 = N 2 + • • • + W+A 2 - Kl 2 Kl 2 = i}- 
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In particular, the group Sp(p+ 1, q) ■ Sp(l) leaves p ' 9 invariant. Let ( , ) x be the nondegenerate 
quaternionic inner product on the tangent space T x M n+1 obtained from the parallel translation of 
( , ) to the point x G H n+1 . Recall that {I, J, K} is the standard quaternionic structure on H™ +1 
which operates as Iz = zi, Jz = zj, or Kz = zk. As usual, {I x , J x , K x } acts on T x M n+1 at each 
point x. Then it is easy to see that gf(X,Y) = Re(X,Y) x (V X,Y G T x W l+1 ) is the standard 
pseudo-euclidean metric of type (p+ l,q) on H™ +1 which is invariant under {/, J, K}. Restricted 
g m to the quadric £j* [ +4p ' 49 in H n+1 , we obtain a nondegenerate pseudo-Riemannian metric g of 
type (3 + Ap, 4q) where p + q — n. 

Definition 3.1. ( 22 ) The quadric £g +4p,4<? is referred to the quaternionic pseudo- 
Riemannian space form of type (3 + Ap, 4q) with constant curvature 1 endowed with a transitive 
group of isometries Sp(p + l,q) • Sp(l) for which Sj^ +4p,4<? = Sp(p + l,q) ■ Sp(l)/Sp(p, q) ■ Sp(l) 
where Sp(p,q) ■ Sp(l) is the stabilizer at (1,0, • • • ,0). 

Compare [S], E2- When (Y,^ 4pAq , g u ) is viewed as a real pseudo-Riemannian space form, 
the full group of isometries is 0(Ap + 4, 4g). It is noted that the intersection of 0(Ap + A,Aq) 
with GL(n + 1, H) • GL(1, H) is Sp(p + 1, q) ■ Sp(l). When N x is the normal vector at x € Z^ 4pAq , 
T x Y^ ipAq = with respect to g w . If N is a normal vector field on T,^ 4pAq , then IN, JN, KN G 
TE 3+4 P ,4 g guch that there ifj the decomposition TY^~ ipAq = {IN, JN, KN} {IN, JN, KN} ± . 

Let T> = {IN, JN, KN}- 1 which is the 4n-dimensional subbundle. As g m is a {/, J, K} -invariant 
metric, (T>,g\T>) is also invariant under {I, J, K}. Now, Sp(l) acts freely on £^ +4p ' 4<? as (right 
translations): (A G Sp(l)) 

(A, (Zl, ■ ■ ■ , Z p+ l,Wl, ■ ■ ■ , w q )) = (zi ■ A, • • • , Z p+1 ■ X, Wl ■ X, ■ ■ ■ ,w q -X). 

Definition 3.2. Let WP p ' q be the orbit space Sg +4p,4,? /Sp(l) which is said to be the quaternionic 
pseudo-Kahler projective space of type {Ap, Aq) . 

See Definition 14.51 for the definition of quaternionic pseudo-Kahler manifold in general. HP P ' 9 is 
shown to be a quaternionic pseudo-Kahler manifold in Theorem 14 . fil provided that An > 8. When 
p = n, q = 0, HP™' is the standard quaternionic projective space HP™. When p — 0,q = n, 
HP '™ is the quaternionic hyperbolic space HJjj. It is easy to see that HP^ 9 is homotopic to the 
canonical quaternionic line bundle over the quaternionic Kahler projective space HP P . There is the 
equivariant principal bundle: 

(3.3) Sp(l)-(Sp(p +!,<?)• Sp(l), 4 +4p ' 4 ") -JL* (p Sp (p + i, q ), HP P <«) 
On the other hand, let 

(3.4) ujq = —(z\dz\ + • • ■ + z p+ idz p+ i — w\dwi — • • ■ — w q dw q ). 

Then it is easy to check that ujq is an sp(l)- valued 1-form on Y^ rApAq . Let £1,^2, £3 be the vector 
fields on Y^ ipAq induced by the one-parameter subgroups {e* 8 }eeR; {^°}eeK, {e^ 9 }eeM respec- 
tively, which is equivalent to that £1 = IN, £2 = JN, £3 = KN. A calculation shows that 

(3.5) wo(6) = i, w (&) = 3, ^o(6) = k. 

By the formula of ojq, if a G Sp(l), then the right translation R a on Sj^ +4p ' 4<? satisfies that 

(3.6) R-a^o — a ■ luq ■ a. 

Therefore, loq is a connection form of the above bundle i|3.3[l . Note that Sp(p+ 1, q) leaves ujq invari- 
ant. We shall check the conditions (i), (ii), (iii), (iv) and (|1.10() so that (Y^ ipAq , {/, J, K}, g, uiq) 
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will be a quaternionic CR manifold. First of all, it follows that 

n times 



wo A wo A wo A {diOQ A du>o) A • ■ ■ A (duiQ A duio) ^0 at any point of E^ +4p ' 49 . 
(Compare 23],[2SI f° r example). In fact, letting wo = 0J\i + u>2j + w 3 fe as before, 
w 3 A du 2n = 6wi A lo 2 A w 3 A (dwi 2 + oiw 2 2 + dw 3 2 )™. 

This calculation shows (iii). In particular, each ui a is a nondegenerate contact form on Sj^ +4p:49 . 
Using p.fijl and as £1 generates {e ie }sm C Sp(l), -C^wi = 0. (Similarly we have £^ 2 uj2 = ££ 3 w 3 = 
0.) Noting that w a (£ a ) = 1 and = C^ a uo a — o dcu a from (|3.5[) . each £ a is the characteristic 
vector field for u a - Moreover, note that {^1,^2,^3} generates the fields of Lie algebra of Sp(l). It 
follows that V = fl Nullw a for which there is the decomposition T£jjt +4p ' 49 = {£1, £2, £3} © T>. If 

a— 1 

{ei}i—i j ... j 4 n is the orthonormal basis of T>, then the dual frame 9 l is obtained as 0' l (ej) = (5j and 
#*(£i) = l {£,2) — & l {£,3) — 0. In order to prove that the distribution uniquely determined by H1.10JI 
are {^1,^2^3} (cf- <|4.3[) also), we need the following lemma. 

Lemma 3.3. 

du; 1 (X,Y) = g(X,IY), cLj 2 (X,Y) = g(X, JY), dui 3 (X, Y) = g(X, KY) 
where X, Y e V. 

Proof. Given X, Y 6 T> x , let u,v be the vectors at the origin by parallel translation of X,Y at 
x G £j^ +4p ' 49 respectively. Then by definition, g(X,Y) — Re(u, v). Furthermore, 

(3.7) g(X, IY) = Re((u, v ■ i)) = Re((u, v) ■ i). 
From l|3~I)l . ifX^eD,, then 

(3.8) du>o(X, Y) = —(dzi A dz\ + • • • + dz p+ i A dz p+ i — dw\ A dw\ — ■ ■ ■ — dw q A dw q )(u, v). 

1 



Then a calculation shows that dujo(X, Y) = — — ((it, v) — (u, v)). It is easy to check that the i-part of 

——((it, v) — (u, v)) is Re((u, v) -i). Since du>i(X, Y) is the i-part of du>(X, Y) and by (|3.7() . we obtain 
the equality g(X,IY) = du x {X,Y). Similarly, we have that g(X,JY) = duj 2 (X,Y), g(X,KY) = 
duj 3 {X,Y). □ 

From this lemma, du) a (ei, ej) = g(ei,J a ej) = — J a y. Since {£1,^2, £3} generates Sp(l) of the 
bundle (|3.3|) . we obtain dio a + 2W& Aw c = — 3 a ij9 l A 9 3 . Applying to J, K similarly, we obtain the 
following structure equation of the bundle (|3.3|) : 

(3.9) du + uj A loq = -(liji + Jijj + K ij k)9 i A Q j . 

From this equation, the condition l|1.10|) is easily checked so that Nullw„ = {^1,^2,^3}- We sum- 
marize that 

Theorem 3.4. (Eg +4p,4<J , {u> a } a —i t 2,3, {I, J, K}, g) is a {An + 3)- dimensional homogeneous quater- 
nionic CR manifold of type (3 + 4p, Aq) where p + q = n > 0. Moreover, there exists the equivariant 
principal bundle i|3.3|) of the pseudo-Riemannian submersion over the homogeneous quaternionic 
pseudo-Kahler projective space HP P,<? of type (Ap, Aq): Sp(l)— >(Sp(p + 1, q) ■ Sp(l), Sg +4p,4? , g) 
(PSp(p+l,g),HP^,3). 
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We shall prove more generally in Theorem 14 . 61 that (PSp(p + 1, q), HP 4p,4,J ) supports an invariant 
quaternionic pseudo-Kahler metric g of type (Ap, Aq). 

Remark 3.5. (a) In it is shown that (Sg +4p ' 4<J , {/, J, K}, g) is a pseudo-Sasakian space form 
of constant positive curvature with type (Ap + 3, Aq). 

(b) When q = or p — 0, we can find discrete cocompact subgroups from Sp(n + 1) • Sp(l) or 
Sp(l, n) 'Sp(l) that act properly and freely on £g +4 ™'° = S 4n+3 orSj ™ = V^™ +3 respectively. Thus, 
we obtain compact nondegenerate quaternionic CR manifolds. In fact, (i) TTie spherical space form 
S 4n+3 /F which is Sp(l) or SO(3)-6un<iZe over the quaternionic Kahler projective orbifold HP™ /F* 
of positive scalar curvature. (F C Sp(n + 1) • Sp(l) is a finite group.) (ii) The pseudo-Riemannian 
standard space form y 4n+3 /r of type (An, 3) with constant sectional curvature — 1 which is an Sp(l)- 
bundle over the quaternionic Kahler hyperbolic orbifold H|j/r* of negative scalar curvature. As we 
know, there exists no compact pseudo-Sasakian manifold (or quaternionic CR manifold) whose 
pseudo-Kahler orbifold is of zero Ricci curvature. However in our case an indefnite Heisenberg 
nilmanifold is a compact pseudo-conformal quaternionic CR manifold whose pseudo-Kahler orbifold 
is of zero Ricci curvature, see §7.3[ 

4. Local Principal bundle 

Let {ej}t=i ... 4„ be the basis of T>\U such that g D (ei,Cj) = g^. We choose a local coframe 9 l 
for which 

(4.1) 6 l \V = and 6 l {e 3 ) = 5 l} . 

As usual the quaternionic structure { J a }a=i,2,3 can be represented locally by the matrix 3 a \ such 
as J a e t — 3 a {ej. Using 11.2fl . note that p a (ej,ei) — 3 a \gj^ = J a ij. Here the matrix (g^) lowers 
and raises the indices. Then we can write the structure equation (|1.9|) by using l : 



(4.2) dcu a + 2ujp ^ ~3 a lJ 6 t /\9^ (a =1,2, 3). 
Using u of (Hi), we have the following formula corresponding to l|4.2(l : 

(4.3) duj + uj A to = -(J x iji + J 2 l3 j + J 3 yfe)^ A 6 j . 

Denote by £ the local transformation groups generated by V acting on a small neighborhood U' 
of U. As £ is locally isomorphic to the compact Lie group SO(3) by Lemma f2. 21 it acts properly 
on U'. (See for example [23 ■) If we note that each £ a is a nonzero vector field everywhere on U, 
then the stabilizer of £ is finite at every point. By the slice theorem of compact Lie groups 8 , 
choosing a sufficiently small neighborhood £' of the identity from £ , £' acts properly and freely on 
U' . We choose such U' (respectively £') from the beginning and replace it by U (respectively £). 
Then there is a principal local fibration: 

(4.4) £^U U/£. 

If we note that V © T> — TM\U, it maps T> isomorphically onto T(U /£) at each point of U. So 
{ir*ei | i = 1, - ■ ■ ,4n} is a basis of T(U/£) at each point of U/£. Let d % be the dual frame on U/£ 
such that 

(4.5) 6 i (Tr*e j ) = 5 ij on U/£. 

Since 9 l is the coframe of {e^} and ir*§ l \V = 6 i \V = 0, it follows that 

(4.6) 7r*fl* =6 i on U (« = !,••• ,4n). 
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Lemma 4.1. Put J\ = I, J2 = J, J3 = K respectively. Let {ipg}- E< g <£ be a local one-parameter 
subgroup of the local group £ . Then there exists an element Gg £ SO (3) satisfying the following: 



(i) M» 

(4.7) 

J V ey o W , = o *G(6) J y 
K vey ) \K V 

Proof. Since every leaf of V is locally isomorphic to SO (3), £ a is viewed as the fundamental vector 
field to the principal fibration tt : U^U /£ . Thus we may assume that £1 , £2, £3 correspond to i, j,k 
respectively so that ipl — e™ , <pl = e^ 6 , (fg — e^ e up to conjugacy by an element of SO (3), A 
calculation shows that (<^)*((&)x) = cos 29 ■ (£2)^ + sin26» ■ (6)^- Similarly, (<Pg)*((£3)x) = 
- sin 26* • (£2)^ + cos 29 ■ (£3)^, (<Pe)*((€i)x) = (£1)^. This holds similarly for tpj, <p%. It turns 
out that if ipe E £, then there exists an element Gg £ SO(3) which shows the above formula (1). 
Since ipt preserves V (— e < t < e), using (1) we see that 

(4.8) ^(071,^2,073) = (o7l,07 2 , 07 3 )G t . 

i \ / , 

Since there exists an element gt € Sp(l) such that g t | j \ gt = Gt j | {gt is the quaternion 

. k I \ k 

conjugate of g t ), 14.8|l is equivalent with 

(4.9) ip* t uj = g t -wg t . 
Differentiate this equation which yields that 

(4.10) {dui + 07 A 07) = gt{du> + uj A io)<jt mod 07. 
Using the equation (|4.2|) . it follows that 

k J \ k 

= (I&J&K^Gt ( j I ir ■ 0'. 

Noting that (fl9 l = (pt(ir*6 l ) — 9\ the above equation implies that 

(4.11) (Iij(ip t (x)), Jij(tpt(x)), Kij{ip t {x))) = (kj(x), Jij(x), Kij(x))G t (x) mod 07. 



15 



Since n*(pt*((ei) x ) = n*((ei) VtX ) (x e U), it follows ipt*{{e%) x ) = (ei) VtX - Letting G t = (sy) G 
SO(3) and using gUJ, 

/ Vt x(^)*((e I ) K ) = /^((ei)^^) = J? ((^ t x)((e J ) ¥ , ta; ) 

= (//(a:) • s u + J/ (a:) ■ s 21 + K\{x) ■ s 31 ))((M( ej ) x )) 

= {(ft)*(s n ■ I x ((ei)x) + 82i ■ Jx((ei) x ) + s 3 i • K x ((ei) x )) 

= (^t)*(( s ll> s 21,S3l) J x \ (ei) x ). 

\K X J 

(Itptx \ I las 

Jtptx ft* — ft* t Gt J x 

K VtX j ' V K * 

This proves (2). □ 

Lemma 4.2. The quaternionic structure {I, J, K} on T>\U induces a family of quaternionic struc- 
tures {Ii, Ji,Ki} i£ A on U/£. 

Proof. Choose a small neighborhood Vi C U/£ and a section Sj : Vi-^U for the principal bundle 
7r : U^U/E. Let x E Vi and a vector X x G TV^. Choose a vector X Si «-j G f s *(x) such that 
7r*(X S4 (£)) = Xg. Define endomorphisms ii, jj, on Vi to be 

(Ii)x(X x ) = K*I Si (x)X Si ( x ), 
(4-12) (Ji)x(X x ) = TT*J Si ( x )X s .^, 

Since 7r» : T> Si ( x )—>T X (U /£) is an isomorphism, Ii, Ji, Ki are well-defined almost complex structures 
on Vi. So we have a family {Ii, Ji, K{\i^A of almost complex structures associated to an open cover 
{Vi}i£A of U/S . Suppose that Vi fl Vj ^ 0. If x G Vi n Vj, then there is an element (pg € £ such 
that Sj(x) = tpg ■ Si(x). As (pg preserves V, <p e ^X ai ^ € V s . {3 .) and 7r*(<Pe*-Xa 4 (a)) = X x . Then 

(4-13) ^(4) = P8*Xai(3s)- 

Let {jj, Jj,Kj} be almost complex structures on V} obtained from Q4.12[) . Using Lemma ll~Tl and 
(|4.13|) . calculate at s ■,■(£) (x G ViflVj), 

(Ij)x \ „ / 4,(5) \ / ^ •«,(*) \ 

(Jj)x \ X x — 7T* ^s 3 (£) = Jip e -Si($) f8*X s .( x j 

(Kj)x J \ K s ]{x) ) V K <er>iV) J 

t ( ISA±) \ 

/ \ t / (/<)* \ 

= t G(0)7T» Jai(£) = Gg (Ji) x X x , 

(ijh \ f {h)x \ 

hence | (Jj) x = l Gg (Ji) x on % G V, H Vj. Thus, {/j, J i; i^i} ie A defines a quaternionic 

/ V (Ki) x I 

structure on U/£. □ 
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4.1. Pseudo-Sasakian 3-structure and Pseudo-Kahler structure. We now take {ei}i=i r .. ,4„ 

ip in 

of T>\U as the orthonormal basis, i.e. gty = <5y. Then the bilinear form g 13 = 0* • 8 — 8 • 6> l 

i=l i=4p+l 

defined on I? induces a pseudo-Riemannian metric on [//£: 

ip in 

(4.14) $ = ^#.0*- ^ fr.fr 

i=l i=4p+l 

such that g 15 = 7r*g. Let V be the covariant derivative on U/£. If cbj is the Levi-Civita connection 
with respect to g, then it follows that 

(4.15) Vei=wjej. 
Then uij satisfies that 

(4.16) dfr = § j A Qj), Cj i:j + (bji = 0. 
Put 

(4.17) fy = dCo) - (b° A # = l -R)J k A fr. 
Consider the following pseudo-Riemannian metric on U: 

3 

~g x {X,Y) = -u a (Y) + g <x) (ir*X,Tr*Y) (X,Y e T a £/). 

(4.18) 



3 ip in 

(Equivalently g = ^ uj a ■ uj a + ^ l • 0* - ^ 0* ■ 0\) 

a=l i=l i=4p+l 

Then we have shown in 0] that the local principal fibration E—>(U,g) —> (U/£,g) is a pseudo- 
Sasakian 3-structure. In fact the following equation l|4.19|l is equivalent with the normality condition 
of the pseudo-Sasakian 3-structure. (Compare (2H|, G3-) 

Proposition 4.3. Let ({cj a }, { J a }, {£ Q }) Q =i,2,3 be a nondegenerate quaternionic CR structure on 
U of a {An + 3) -manifold M. //V is the Levi-Civita connection on (U,g), then, 

(4.19) (V x J a )Y = g(X,Y)( a ~u; a (Y)X (a = 1,2,3). 
Proof. For X, Y G Tt7, consider the following tensor 

(4.20) JV-pr.y) = N(X,Y) + (XLo a (Y)-YLu a (X))Z a 

where iV(A,F) = [J a X, J a Y] - [X, Y] - J a [J a X,Y] - J a [X, J a Y] is the Nijenhuis torsion of J a 
(a = 1, 2, 3). A direct calculation for a contact metric structure g (cf. [5]) shows that 

2g((Vx J a )Yi Z) = s(A^(^, Z), J a X) + (C JaX u a )(Y) 

- {C JaY uj a )(X) + 2g(X,Y)cj a {Z) - 2g(X, Z)u a (Y), 

We have shown in Theorem 12 . 71 that each J a is integrable on Nullw Q . It follows from the famous 
theorem that the Nijenhuis torsion of J a , N(X,Y) = (V I,F e Nullw a ). By the formula 
l|OUJl . N U "(X,Y) = for V X,Y e NuUw a . To obtain (03^1, it has to show that N U «(X,Y) 
vanishes for all X, Y e Tf7. Noting the decomposition TC7 = {£i}®Nullwi, it suffices to show that 
N Ul X) — (similarly for a = 2,3). Since £ a is a characteristic Ci?-vector field for (uj a ,J a ) 
(a = 1,2,3), i.e.£ ?1 Ji = 0, it follows that Ji[£i,F] = JiY] (V7e Nullum). In particular, 
Ji[£i, JiX] = -[£i,X]. Hence, A^°(£i,A) = 0. As a consequence, we see that N U «(X,Y) = 



17 



(VI,ye TU). On the other hand, if N U "(X,Y) = (V X, Y e TU), then it is easy to see that 
(£j aX u a )(Y) - {£j aY uj a )(X) = 0. (See 0.) From gHHJ, note that u) a (X) = g(£ a ,X). The above 
equation 1)4. 19|) follows. □ 

As {uj a , # 4 }a=i,2,3:i=i- -4n are orthonormal coframes for the pseudo-Sasakian metric g (cf. (|4.18|l 'l. 
the structure equation says that there exist unique 1-forms (pp r l a = 1, - • • , 4n;a = 1,2,3) 
satisfying: 

3 

(4.21) de l = 9 j A (pij + "a A r l a {tpij + Vji = 0). 

a=l 

Then the normality condition for the pseudo-Sasakian 3-structure is reinterpreted as the following 
structure equation. 

Theorem 4.4. There exsists a connection form {u>j} such that 

(4.22) dJ? 3 ~ cufj^ - J>J = 2J b ZJ ■ lo c - 2J£ • Lo b ({a, b, c) ~ (1, 2, 3)). 

Proof. It follows from Proposition ^. 31 that (V xJa) e i = 9{X, ej)£ a for the orthonormal basis ej S -B. 

3 

From the structure equation l|4.21|l . let V^e^ = f{(X)ej i T b)i^b which is substituted into the 

6=1 

equation {V x Ja)ei = ^x(J a ei) - J a (V 'x^i)' 

(VxJ a )ei = (d(J a )i(X) - (*)(J a )£ + (J a )>i(X))e e 

(4.23) + ^(J a )|(r 6 ),(X)e b - ]T (^(X)^ 

6—1 c^a 

= (j(X, e l )Ca- (Here J Q £ b = £ c .) 

As g(X, ei ) = g kl 9 k (X) (cf. this implies that d(J Q )f-<(J^+(J a )f^ = Oand (J a )f (r a ) £ (X)£ a 

~guO k {X)ia- It follows -(r a ) j; = (J«%-#. Then (r a )^ fc = ;J";, = (J a )i# fe ^, so that 
(r a )' = (J a )*-# J . As = ±5ij, use g y to lower the above equations: 

d(J%-<(J Q ) CT ,-(J a ) 4(T ^=0. 
4.24) .... 

(raY = (J a )5^. 

Putting 

(4-25) c4=^-£(J a )> a , 

a=l 

the equation (|4.21|l reduces to 

(4.26) d6 l = 63 A wj (lo 13 + u 3l = 0). 

Differentiate our equation 14.2JI duj a + 2uib A lo c — — J^-# l A J ((a, 6, c) ~ (1, 2, 3)) and substitute 
(j4.26(l . Then it becomes (after alternation): 

(dJ$ - <J^- - J>J + uj b • 2J?, - ^ c • 2J^-) A ^ A 0* = 0. 

If we note (104) and g^U, dJ? 3 - wf - J^wJ = mod uj x , uj 2 , uj 3 . As the forms u a A 6> 4 A 6^ 
are linearly independent, the result follows. □ 
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Definition 4.5. Let V be the Levi-Civita connection on an almost quaternionic pseudo-Riemannian 
manifold (X,g) of type (Ap,Aq) (p + q = n). Then X is said to be a quaternionic pseudo-Kahler 
manifold if for each quaternionic structure {J a ',a = 1,2,3} defined locally on a neighborhood of X , 
there exists a smooth local function A £ so(3) such that 



Ji N 






■h 




| 


i 3 J 




V ^3 



provided that dim X = An > 8. Equivalently if £1 is the fundamental A-form globally defined on X, 
then VCi = 0. 

We have shown the following result in [2] when dim U/£ — An > 12 by Swann's method. 

Theorem 4.6. The set (U/£ , g, {Ii, Ji, Ki}i e \) is a quaternionic pseudo-Kahler manifold of type 
{Ap, Aq) provided that dim U/£ = An > 8. Moreover, (U/£,g) is an Einstein manifold of positive 
scalar curvature (An > 4) such that 

(4.27) R jl > = A{n + 2)g, ]l . 

Proof. As we put 6 l — ir*9 l , the equation l|4.16[) implies that d6 l = 6 3 A n*cdij + 7T*%j = 0. 

Compared this with the equation II4.26JI and by skew- symmetry, it is easy to check that 

(4.28) ir*& i j = v i J . 

Put V = Vi and J\ = Ii, J2 — Ji, J3 — Ki on V. Let s = Sj : V^U be the section as before. Since 
7T*s*((ej) x ) = (ij) x = 7T*((ej) a ( 4 )), s*((ej) x ) - {ej) s (x) G V = {£1,6, 6}- Then 0'(s*((ej)x)) = 
d l {{ej) s {x)) from (|4.1(l . A calculation shows that (J^xh — ^*{J a ) s {x)ei = 7r*((J a )^(,s(i))ej) = 
(3 a )i(s(x))ej (cf. As we put jge* = (j a )^(:r)e,-, note that 

(4.29) J£( S (z))=J?.0r) (a = 1,2, 3). 
In particular, 

(4.30) d(J a ) ij os4X x )=d(J a ) ii (^) (Vi 4 6T^))(a = l,2,3). 
Since 7r*s*(X x ) = X x (X x e T x (t>)), 

(4.31) £J(i- x )=c4(s*(l x )). 
Plug these equations l|OT|l . (fO^ and p!)f into |Q2^I : 

d(J a ) y (a,X) - • (J°)<rj(«(£)) - (J a ) ja (s(x)) • wJ(«.X) 

= d((J») y )*(x) - £f (1) • (j a M£) - (r)Ux)-^{x) 

= 2(3%(s{x)) ■ to c {s. t X) - 2(J%-(s(.x)) • u b {s*X) 
= 2(J%(i) • lu c (s*X) ~ 2{J c ) ij (x) ■ Lu b (s,X). 



(4.32) 



Using these, 



(4.33) 



(V*(Ja)((ei)*) = V±(j a )ei - (J a )(V^e,) 
= (d(J°)y(X) - (J a ) lCT (i) • cDJ(X) - &f(X) ■ {3 a ) aj {x)){e 3 ) x 
= 2(J%(x){e 3 ) x ■ s*lj c (X) - 2{3 c ) l3 {x){e j ) x ■ s*Lu b (X) 
= (2(J h ) x ■ s*lu c (X) - 2(J C ) X ■ s*uj h (X)j(ei) x . 
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Therefore, V^(J a ) = 2(J b ) £ ■ s*uj c (X) - 2(J C ) & ■ s*oj b (X). This concludes that 
(4.34) VI J 2 1=2 






As we put J\ = Ji, J-2 = Ji, Jy, — Ki on V, (U /£,g, {h, Ji, Ki} ie A) is a quaternionic pseudo-Kahler 
manifold for dim UJE > 8. Using the Ricci identity (cf. (2.11), (2.12) of [Ej, [231), a calculation 
shows that 

Rjl = -A(n + 2)(s*(duj 1 + 2lu 2 Aw 3 ))(e„et)$(i). 
(n>l) (4-35) Rji = -4(n + 2)(s*(^ 2 + 2w 3 Awi))(e 3 ,efe)j] : (i). 

= -4(n + 2)(s*(dw 3 + 2^! Aw 2 ))(ej,e J: )^(i). 

= -4(s*(duJi + 2lu 2 A w 3 )J (ej, e k )tf(x)+ 
(n=l) (4-36) -4^(^2 + 2^3 A wi))(e 3 ,e fc )J £ fc (i)+ 

- 4(V(dw 3 + 2wi A w 2 )) {ej,e k )K$(x). 

Using dcj a + 2cj b A cj c = -Jy0' A and 14. 2911 . it follows that (s*(du a + 2uj b A w c )J (e 3 -, ejt) = 

-JJ fc (*(S)) = -J| fc (i). Since (J«)?-(J*)$ = R jt = +4(n + 2)(J-*) JJk (i).(J*)J(i) = 4(n + 2) fe , 
when n > 1 and A,-/ = +4(/jk (x) • 1$ (x) + Jjk (x) ■ J\ (x) + ifjfc (x) • (x)) = 4 • when n = 1 . □ 

5. Quaternionic CR curvature tensor 

Recall from <|4"2l)j) that d9 l = 6 j A u), u) l0 + uj tl = where = wj, tt*9 1 = 9 l from g^D, 
(|4.6II respectively — 1, - ■ ■ , 4ra). Define the fourth-order tensor R l j ke on U by putting 

(5.1) dw\ - Aw^e -R)uO k A 0* mod w 1; oj 2 , w 3 . 
By it follows that 

(5.2) R l j kl = 7r R % jw 
The equality Ij4.27[l implies that 

(5.3) R jt = A{n + 2)g jt . 
Differentiate the structure equation (|4.21() . 

(5.4) = d6 j A cp) - 63 A dip) + ^du a f\T l a -^uu a A dr l a . 

a a 

Substitute O and (Q]) into (tO|) : 

0' A - A ^ - J] Jfe/ fc A r<) + ^ u a A (dr* - r a fc A <pi) 



+ 2lu 2 A uj 3 A ri + 2w 3 A wi A T2 + 2a>i A w 2 A r 3 = 0. 

This implies that 

(5.5) ff* A (d^j - $ A ^ - J] J^-0 fc At:)e0 mod Wl , w 2 , u> 3 . 
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We use (|5.5|) to define the curvature form: 

3 

(5.6) $} = dip) - tp) A tpi + ]T k A Jj/c T a - ^ A 0j. 



Set 



(5.7) 



i$ l = drj - r* A tp\ + co 2 A Tg - lo 3 A rj, 
2 <f> 4 = dr 2 - t 2 A (,4 + w 3 A - wi A 7-3, 
3 $ l = dr\ - r* A <p\ + UJ\ A - uj 2 A 



which satisfy the following relation. 

(5.8) 9 J A +wi A i$' + W2 A 2$* +W3 A 3$' 

We may define the fourth-order curvature tensor Tj fc; from : 



(5.9) 



' A 8 mod Wi, <^3- 



Remark 5.1. In view of (|5.9I) . there exist the fourth-order curvature tensors Wj ka (a — 1,2,3) 
and Vj bc (1 < b < c < 3) for which we can describe: 



(5.10) 



*5 = a e e + \Y w kJ k A ^ + \ E v h 



' bc tO b A LO c 



b<c 



6. Transformation of pseudo-conformal QCR structure 

6.1. G-structure. When {9 l }i = i,... ^ n are the 1-forms locally defined on a neighborhood U of M, 
we form the H-valued 1-form {w*}i=i,... n such as 

(6.1) uj 1 = e l + e n+ H + e 2n+t j + e 3n+l k. 

We shall consider the transformations / : U —>U of the following form: 

f*uj = A • to • A (= u 2 a ■ to ■ a), 
f*(to j ) = U'i^ -X + Xv j toX 



(6.2) 



such that A = u ■ a for some smooth functions u > 0, a G Sp(l) and U' G Sp(p, g) with p + q = n. 
Let G be the subgroup of GL(n + 1, H) ■ H* consisting of matrices 





( A 


^ 




(6.3) 


X-v 1 


U' 


■ X 




V 


J 





Recall that Sim(H") = H" xi (Sp(p, q) ■ H*) is the quaternionic affine similarity group where 
Sp(l) x M+. Then note that G is anti-isomorphic to Sim(H n ) given by the map 

( A ! x l \ 
X 



(6.4) 



V 



A — >{Xx j , AT • A) G H™ x> (Sp(p, g) • ET). 



/ 
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(Here x* — t x.) We represent G as the real matrices. Let v be a vector of the quaternionic vector 
space H". The group Sp(p, q) ■ W is the subgroup of GL(4n, M) acting on H" by 



(6.5) 



(V ■ \)v = U'v ■ A 



where [/' e Sp(p, g), Aei*. Write A = u • a e K+ x Sp(l) so that Sp(p, q) ■ H* is embedded into 
K + x SO(4p, 4g) in the following manner: 

(6.6) U' ■ \{v) = uU'va = uU'ao (ava) = u(U'a) o Ad a (w) = u- Uv (v e H" = M 4 ™) 
in which 
(6.7) 



[/ = U'aoAd a e SO(4p,4g), 



(6.8) 



We put the vector v j E H™ in such a way that u j = v j + v n+j i + v 2n+j j + v 3n+j k (j = 1, 
Form the real (4 x 3)-matrix 



/ 



(6.9) 



V j = 



- V 3+n 




_ v j+3n 


v 3 


_ v j+3n 


v j+2n 


v i+3n 


V j 


- V 3+n 




v j+n 


V 3 



,n). 



It is easy to check that 



UJ2 
W 3 



f(>.10) Ar' | ) A = A((l i j k)V> | a.-, ) )A = ( I -i j fc)<r ( J t ° ] T' | ^ 



L0 3 



L0 3 



Then G is isomorphic to the subgroup of GL(4n + 3, R) consisting of matrices 



(6.11) 



u 2 


■'A 







HI 


N 
^, 






Hi 


x 




u-U 
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Here A £ S0(3), U = (t/j) € SO(4p,4 g ). 

Using the coframe field {wi,U2, CJ3, 1 , ■ • • , 6* 4 ™}, / is represented by 



f*(ui,U2,Uz) = u (uj 1 ,lu 2 ,lv 3 )A, 
3 



f*e i = u0 k ui + y>„«< 



(6.12) 



where 





4j- 


3 


4? -3 


v 3 






2 


4j-2 


4j-2 
v 3 






1 


4,j-l 
v 2 


4j-l 
v 3 


V 


4j 




v 2 


4j 
v 3 



= »M I t A )V (7 = 1- ■■■■»). 
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Let TiM) be the principal coframe bundle over M. A subbundle P of T(M) is said to be a bundle 
of the nondegenerate integrable G-structure if P is the total space of the principal bundle G— »P— *M 
whose points consist of such coframe fields {uji, 0J2, 0J3, 9 1 , ■ ■ ■ ,9 4n } satisfying the condition 
Q| l. (fTTTUf> . A diffeomorphism / : M— »M is a G- automorphism if the derivative /* : T{M)^T(M) 
induces a bundle map /* : P-^P in which /* has the form locally as in (|(j.2f> (equivalently (|6.12|) '). 

Definition 6.1. Let AxitQCR{M) be the group of all G- automorphisms of M. 

6.2. Automorphism group Aut(Af). Let W be the (n + 2)-dimensional arithmetic vector space 
HP+1,9+1 over H equipped with the standard Hermitian metric B of signature (p + 1, q + 1) where 
p + q = n. Then note that the isometry group Q — Aut(14 7 , B) — Sp(p + 1, q + 1) and W has the 
gradation W = W' 1 + W° + W +1 , where W ±1 are dual 1-dimensional isotropic subspaces and 
W° is (h- non-degenerate ) orthogonal complement to W' 1 + W +1 . The gradation W induces the 
gradation of the Lie algebra g of depth two, i.e. 

g = g~ 2 + jr 1 + g o + g 1 + 2 . 

Here g° = R + sp(l) + sp(n). 

In [2] we introduced a notion of pseudo-conformal quaternionic structure. This geometry is 
defined by a codimension three distribution H on a (4n + 3)-dimensional manifold M, which satisfies 
the only one condition that the associated graded tangent space gr T x M = T X M/H X + T~C X at any 
point is isomorphic to the quaternionic Heisenberg Lie algebra 9Jl(p, q) = 2 = 9 2 + Q 1 , i-e. the 
Iwasawa subalgebra of Sp(p+1, q+1)- Put Sp(M / ) = Sp(p+1, g+1). We proved that such a geometry 
is a parabolic geometry so that it admits a canonical Cartan connection and its automorphism 
group Aut(M) is a Lie group. More precisely, if P + (M) is the parabolic connected subgroup of 
the symplectic group Sp(W) corresponding to the dual parabolic subalgebra p + (H) = fl + + 0° of 
Sp(W), then there is a P + (H)-principal bundle 7r : B — > M with a normal Cartan connection 
K : TB —> sp(W) of type Sp(W) / P + (M) . There exists the canonical pseudo-conformal quaternionic 
structure 7i can on Sp(p+l,q+ 1)/P + (H) with all vanishing curvature tensors (cf. >i7.2|l . A pseudo- 
conformal quaternionic manifold (M, 7i) is locally isomorphic to a (Sp(p + 1, q+ 1)/ P + (H) , 7i can ) if 
and only if the associated Cartan connection k is flat (i.e. has zero curvature). Put S 4p+3Aq = Sp{p+ 
1, g+l)/P+(H). Then 5 4p+3 ' 4<? is the flat homogeneous model diffeomorphic to S" 4p+3 x S 4q+3 /Sp(l) 
where the product of spheres 5' 4p+3 x 5 4<z+3 = {(z+, z") £ B p+1 - q+1 \ B(z + , z+) = l,/3(z", z") = 
— 1} is the subspace of W = H p+1 ' 9+1 and the action of Sp(l) is induced by the diagonal right 
action on W. The group of all automorphisms Aut(S 4p+3 ' iq ) preserving this flat structure is 
PSp(p + 1,5+1). 
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Suppose that M is a pseudo-conformal quaternionic CR manifold. By definition, T X M = 
T X M/V X +V X = ImH + H" = Wl(p, q) at V a; € M. Then each G-automorphism of Aut QCfi (M) 
preserves Wl(p, (?) by the above formula (|6.12|1 . Since a pseudo-conformal quaternionic CR structure 
is a pseudo-conformal quaternionic structure by Definition EH note that AutQcn(M) is a (closed) 
subgroup of Aut(M) which is a Lie group as above. 

Corollary 6.2. The group AvAqcr{M) is a finite dimensional Lie group for a pseudo-conformal 
quaternionic CR manifold M . 



7. Pseudo-conformal QCR structure on s 3+4pAq 

We shall prove that the quaternionic CR homogeneous model Y^ Ap,iq induces a pseudo-conformal 
quaternionic CR structure on S 3+ p,4q which coincides with the flat pseudo-conformal quaternionic 
structure. 

7.1. Quaternionic pseudo- hyperbolic geometry. Let 

B(z, w) = z\W\ + z 2 w 2 H h z p+1 w p+1 - z p+2 w p+2 z n+2 w n+2 

be the above Hermitian form on H n+2 = M p+1,q+1 (p + q = n). We consider the following subspaces 
in HP+ 2 - {0}: 

V£ n+1 = {z G H Il+2 | B(z, z) = 0}, 

yin+8 = | z e H „+2| ^ < Q} 

Let H*^((Sp(p+ l,q+ 1) • H*,H n+2 - {0}) (PSp(p + 1, q + 1), HP n+1 ) be the equivariant 
projection. The quaternionic pseudo-hyperbolic space H^ 1 ' 9 is defined to be P(K 4 ™+ 8 ) (cf. (TU]). 
Let GL(rt + 2,H) be the group of all invertible (n + 2) x (n + 2)-matrices with quaternion entries. 
Denote by Sp(p + 1, q+ 1) the subgroup consisting of 

(7.1) {A G GL(n + 2, H) | B(Az, Aw) = B(z, w), z, w G H"+ 2 }. 

The action Sp{p + 1, q + 1) on V~ 4,l+8 induces an action on H g +1 ' 9 . The kernel of this action is the 
center Z/2 = {±1} whose quotient is the pseudo-quaternionic hyperbolic group PSp(p + 1, q + 1). 
It is known that Hg +1 ' 9 is a complete simply connected pseudo- Riemannian manifold of negative 
sectional curvature from —1 to —4, and with the group of isometries PSp(p + l,q+ 1) (cf. 
Remark that when q = 0,p = n, P(y 4rl+8 ) = H^ +1 is the quaternionic Kahler hyperbolic space 
with the group of isometries PSp(n + 1, 1). The projective compactification of H^ +1 ' 9 is obtained 
by taking the closure H^ 1 ' 9 in HP" +1 . Then it is easy to check that H^ 1 ' 9 = H^ +1 ' 9 U P{V^ n+7 ). 
The boundary P(V r 4n+7 ) of H^ +1 ' 9 is identified with the quadric S 3+4p,4 ' q by the correspondence: 



z + Z- 



(7.2) [ z+ ,z_] 

Since the pseudo-hyperbolic action of PSp(p + l,q + 1) on H^ +1 ' 9 extends to a smooth action on 
g3+4p,4<j _ p(y4n+7^ ag p ro j ec ti V e transformations because the projective compactification Hg +1 ' 9 
is an invariant domain of HP™ +1 . 
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7.2. Existence of pseudo-conformal QCR structure on S 3+4p ' 4q . Recall that p ' 4q = 

{(zi, ■ ■ ■ ,z p+1 ,wi, ■ ■ ■ , w q ) e H" +1 | |zi| 2 H h \z p+ i\ 2 - |wi| 2 \w q \ 2 = 1} equipped with 

the quaternionic CR structure uj a (cf.©. The embedding t of T^ 4pM into S 4p+3 ' 4q is defined 
by [z\, • • • , z p+1 ,wi, • • • , w q ) i-> [(zi, • • • , 2f p+1 , twi, • • • ,10,, 1)]. Then t(S^ +4p:4<i ) is an open dense 
submanifold of S 4p+3Aq since it misses the subspace S 4p+3 ' 4{q ~ 1) = S 4p+3 x S 4q ~ x /Sp(l) in S^ 3 - 4 ?. 
We know that Ej^ +4p ' 413 has the transitive isometry group Sp(p+1, g)-Sp(l) (cf. Definition ^. Then 
this embedding implies that Sp(p+1, q) -Sp(l) is identified with the subgroup P(Sp(p+l, q) x Sp(l)) 
of PSp(p + 1, q + 1) leaving the last component z n+ 2 invariant in V 4n+1 C H n+2 . 

By pullback, each element h of PSp(p + 1, q + 1) gives a quaternionic Ci? structure /i -1 *^ on 
the open subset h{Y^ 4pAq ) of S 3+4p ' 4q . Noting that h- 1 *H can = H can and DefinitionO we shall 
prove that (S 3+4p ' 4q , TC can ) admits a pseudo-conformal quaternionic CR structure by showing that 
mm- 1 *^ coincides with the restriction of H can \h{H 34 ~ 4pAq ). 

Theorem 7.1. The [An + 3) -dimensional pseudo-conformal quaternionic manifold (S 4p+3Aq , Ti can ) 
supports a pseudo-conformal quaternionic CR structure, i.e. there exists locally a quaternionic CR 
strucrure w on a neighborhood U such that 

H can \U = Nulla;. 

Moreover, the automorphism group AutQCR(S 4p ~' r3 ' 4q ) with respect to this pseudo-conformal quater- 
nionic CR structure is PSp(p + 1, q + 1). 

Proof. First we describe the canonical pseudo-conformal quaternionic structure 'H can on S 3+4p ' 4q 
explicitly. Choose isotropic vectors x, y £ Vq such that B(x, y) = 1 and denote by V the orthogonal 
complement to {x, y} in UP +1 '« +1 . Then it follows that T X V = sp(W)x = ylmM + V + xW where 
T x (xW) = xM. Then 

T [x] S 4k+3 ' 4q = P*(T X V ) = (ylmH + V + xM)/xU. 

We associate to each [x] G S 4k+3,4q the orthogonal complement x — V + xM. It does not depend 
on the choice of points from [x\. In fact, if x' £ [x], then x' — x ■ A for some A £ H*. By the 
definition choosing y' such that T x iVq = j/'ImEI + V' + x'M where the orthogonal complement V' 
to {x',y'} in M p+1:9+1 is uniquely determined. Let v' be any vector of V which is described as 
v' = y- a + v + x- b for some a, b £ H. Then 

= B(x', v') = B(x', y)a + B(x' , v) + B(x' , x)b 

= XB(x, y)a + XB(x, v) + XB(x, x)b = A • a. 

Since A ^ 0, a = and so v' — v + x ■ b. Hence x r± = V + x'M = V + xM. Therefore the orthogonal 
complement x 4 - = V + xM in M p+1 ' q+1 determines a codimension three subbundlc 

H can = U P^x 4 -). 
oj 3 \ [x]es i p+ 3 - 4 i 

P^x 4 -) = V + xU/xU C TS 4p+3 ' 4q . 

On the other hand, recall that if N p is the normal vector at p £ Eg +4p,4<? , then (Nullwo)^ = T> p = 
{IN P , JN p , KNp} 4 - by the definition (cf. §EJ). Since T p T^ 4pAq = N p with respect to g B , it follows 
that T p U n+1 \T, 3 + 4p ' 4q = {N p , IN p , JN p , KN p } © V p . If we note that {N p , IN p , JN p , KN p } = pU, 
then we have V p = pM 4 -. It is easy to see that the orthogonal complement to pM with respect 
to g m coincides with the orthogonal complement to p with respect to the inner product B = (,). 
Hence, V p — p. As the tangent subspace l*(T> p ) at i(p) in T t( - p )Vb is (I? p ,0) which is parallel 
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to V p in T p Vq, it implies that B(l*{D p ), t(p)) = B((X> P , 0), (p, 1)) = (X> P ,p) - (0,1) = 0. Hence 
i*(T> p ) C i(p) X (with respect to B). As t(p) 1 - = V + i(p)H, l*(T> p ) c V + t(p)H. As above 
t*(X> p ) = (f p ,0) at t(p), but t(p)H = (p, 1) • The intersection i*(X> p ) n t(p)H = {0}. It implies 
that t*(D p ) = L*(V p )/i(p)m C V + t(p)H/t(p)BL By JES), t *((NuUwo) P ) = ^Wp)^) = 
Therefore 5' 4p+3 ' 49 admits a pseudo-conformal quaternionic Ci? structure. Then AutQCR(S 4p+3 ' 4:q ) 
is a subgroup of Aut(S 4p+3 < 4<? ) = PSp(p + 1, q + 1) from El □ 

To prove AutQCjj(S' 4p+3 ' 49 ) = PSp(p+ 1, q+ 1), we recall the quaternionic Heisenberg Lie group. 

7.3. Pseudo-conformal quaternionic Heisenberg geometry. Let PSp(p+l, q+l) be the group 
of all automorphisms preserving the flat pseudo-conformal quaternionic structure of S 4p+3 ' 4q — 
PSp(p + l,q + 1)/P+(H) (cf.lO) We consider the stabilizer of the point at infinity {oo} = 
[1,0, • • ■ , 0, 1] € T,^ 4p ' 4q C S 4p+3 ' 4q . Recall the (indefinite) Heisenberg nilpotent Lie group M = 
M(p, q) from ^3). It is the product R 3 x HP with group law: 

(a, y) ■ (b, z) = (a + b - lm(y, z),y + z). 

Here ( ) is the Hermitian inner product of signature (p, q) on H™ and Im( ) is the imaginary part 
(p + q = n). It is nilpotent because the commutator subgroup [M, M] = R 3 which is the center 
consisting of the form (a,0). In particular, there is the central extension: 

(7.4) 1^R 3 ^M — dET->l. 

Denote by Sim(.M) the semidirect product M. x (Sp(p, q) ■ Sp(l) x R + ) where the action (A ■ g,t) £ 
Sp(p, q) ■ Sp(l) x R+ on (a, y) e M is given by: 

(7.5) (A-g,t)o{a,y) = (t 2 -gag-\ t-Ayg- 1 ). 

Denote the origin by O = [1, 0, • • • , 0, -1] G Z 3 ^ 4pAq - {oo}. Then, the stabilizer Aut(S ,3+4 * , < 4 «) 00 is 
isomorphic to Sim(A^) (cf. JHI)- The orbit M. -O is a dense open subset of S 4p+3 ' 4q . The embedding 
i is defined by: 

k+lf-lf-l" 



(7.6) ((a,b,c),(z+,Z-))€M 



-I 



— 1 + ia + j£> + kc 

V2z+ 

+ l + ia+j6 + kc 



2 

Then the pair (Sim(A^), M.) is said to be pseudo-conformal quaternionic Heisenberg geometry which 
is a subgeometry of the flat pseudo-conformal quaternionic geometry 
(Aut(S 3+4pAq ), S 3+4pAq ). We prove the rest of Theorem 1711 

Proposition 7.2. Aut QCjR (S' 4 P+ 3 ^«) = PSp(p + 1, q + 1). 

Proof. First note that PSp(p + 1, q + 1) decomposes into Sim(A-l) • (Sp(p + 1, g) • Sp(l)). We know 
from ^that each element / = (A, a) G Sp(p + l,g) ■ Sp(l) satisfies that f*uJo = aw a, obviously 
/ G AutQCi?^ 4234 ^ 3,49 )- On the other hand, it is shown that an element h of Sim(A4) satisfy 
that h*uiQ — XujqX for some function A e i* by using the explicit formula of u>o- (See |14|.1 
When h G Sim(M), note that ft(oo) = oo. Let r : PSp(p + l,q+ l) oc ^Aut{T {oc} (S 3+4p ' 4q )) be 
the tangential representation at {oo}. Since the elements of the center R 3 of M. are tangentially 
identity maps at T {oo} {S 3+4pAq ), r(PSp(p + l,q+ l)oo) = H" x (Sp(p,g) ■ Sp(l) x R+) which is 
isomorphic to the structure group G (cf. HoMll) - ). As r(h) = h*, h G AutQCR(S 3+4p:4q ) by Definition 
IO We have PSp(p + 1, q + 1) C Aut QCfl (S' 3 + 4 P' 4 9). □ 
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8. PSEUDO-CONFORMAL QUATERNIONIC CR INVARIANT 

We shall consider the equivalence of pseudo-conformal quaternionic CR structure. Let duo + uj A 
u> = —(Iiji + Jijj + Kijk)9 l A 9^ be the equation (|4.H|> as before. We examine how this equation 
behaves under the transformation / £ AutQcn(M); f*u> = A • u> ■ A. Put u>' = f*uj. By H6.12[l . 

duo' + J A J = f*(du + uj A uj) = -(Iiji + J^j + K ij k)f*e i A f*6 j 

= -(Iiji + J^j + Kijk)(ue k Ui + A (uO l Ui + Ubvl) 

a b 

= -(Iiji + Jijj + K %J k)(u 2 U l k Ul6 k A 9 e + 

$>„ A (uvlUiO 1 - UviU}e e )+J2^a A Ub (vi4 - « 
a a<b 

= -(I^i + J %3 j + Kijk) (u 2 U l k U 3 e 9 k A 9 e + ^ uj a A 2uv l a U J e 

a<b 

Choosing w l a (a — 1, 2, 3) such that Uj.w^ = v l a , the above equation becomes 

dw' + uj' A uj' = -(I^i + Jijj + K i3 k) (u 2 U l k U}9 k A 9 e + 

5> a A 2uw k a UlU}9 1 + £>« A Lo b (2UlU}w h a wt) 

a a<b 

Let U = U'a o Ad a G SO(4p,4g) be the matrix as in (JfTTJ so that Uz = U'zd (z G H") (cf. iJOJl). 
If {J, J, X} is the set of the standard quaternionic structure, then 

IU(z) = I(U'za) = U'zdi = U'z(dia)d 

— U z(a±ii + a 2 \j + a 3 \k)d — a\\U zia + a 2 \U' zjd + a 3 \U' zka 

= ai\U(zi) + a 2 iU(zj) + a 3 iU(zk) = auUI(z) + a 2 \UJ(z) + a 3 iUK(z). 

This follows that IU — a\\UI + a^xUJ + a 3 iUK. Since IU(ei) = Uj ifei, a calculation shows that 
Uj ij = aulfUf + a 21 JlUj + aaiKfUj, similarly for J, K. As 

,8i) {l)- ,A {i 

is a new quaternionic structure (cf. <|1.6fl ). it follows that 

IijU]JJ\ = aulkt + a 2\Jkl + Cl3iK k £ = I kt- 

(8.2) JijUlUj = ai 2 Ike + a 22 J M + a 32 K ke = j' u . 

KijUlUf = aishe + a 23 J k i + a 33 K ke = K' ke . 



Then we obtain that 



duj' + uj' A uj' = -(I'iji + J'ijj + K' tJ k)(u 2 9 l A 



9 1 



(a o\ ^ ^ 

+ ^2uj a A'2uw t a 9 3 +J2^aAuj b (2w l a wl) 



a<b 
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^1 









We shall derive an invariant under the change u>' = A • u> ■ A. Recall from Ij6.12|l that 
(8.4) ((j[,W2,(j' 3 ) = {u>x, uj 2 , uj 3 )u 2 ■ A. 

Let d6 l = J ' A ^ + u> a A be the structure equation l|4.21|l . We define 1-forms v' l a by setting 

a 

(8.5) 

Since r* = mod 6> fc (fc = 1, • • • in) by note that 

(8.6) i/* = mod fc . 
Using (JH3J and ljO|) . 

V i/j / - 

the equation (|4.21[) becomes 

(8.7) d9 i = W A tp) + w' A . 
Differentiate (|8.7|l . and then substitute we obtain that 

(8.8) 6 j A (dtp) - Aip i er + u 2 3'] k 9 k A v'\ + u 2 J ,2 jk 6 k A v'\ + u 2 3' 3 jk 9 k A v%) = mod w a - 

Taking into account (|8.8|l (which corresponds to (|5.5|0 . we have the fourth-order tensor up to the 
terms ui, 0J2, ^3- 

(8.9) \T') M 9 k A & = d<p) - <p° A pi + £ ^ ■ *V A v'i - l A 9 3 . 

a 

Since (/' # , J' \j , K' = (Jy, Jij,Kij)A from l|8.1|) and H8.5|l . 



J] u 2 ■ *V A = k A U 2 (/' jfc , J' jk ,K' jk ) v 



v 1 
/« 
2 



= 9 k A 



(I jk ,J jk ,K jk ) 4 =9 k Aj2^k<. 



The equation l|8.9|l can be reduced to the following: 

(8.10) ^V* A Ql = d ^ ~ <P° A + ° k A E -0 l A9 3 . 

a 

From (|5.9|) and (|5.t)|) . we have shown 

Proposition 8.1. If lu' = X - lo ■ X for which u> is a quaternionic CR structure, then the curvature 
tensor T' satisfies that T' l jke = T* ki . In particular, T — (T^ ki ) is an invariant tensor under the 
pseudo-conformal quaternionic CR structure. 
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Remark 8.2. 1. Similarly, the quaternionic structures {I' , J' , K'} extends to almost complex 
structures {/', J',K'} respectively. 

2. Let / G A\itQcn(M) be an element satisfying (|6.12|) . Then, 
/*ei = uU k e k . Using (JH21, 

If^i = uU* IU, = u(a n I™ + a 21 Jl n + a^K™)!!^ 
= /*((a u 7f + a 21 J™ + a zl K™)e m ) 
= f*({anl + a 2 iJ + a 3 iK)ei). 



The similar argument to J, K yields that 







= *a( J 


11) 










V K 



8.1. Formula of Curvature tensor. We shall find a formula of the tensor T. Substitute (|4.25() . 
EH into JEHU: 

T] kt e k a e* = d( w j + Y, ( JQ )> Q ) - K + E ( JQ )>°) A K + E ( ja )>-) 

a a a 

+ 9 k A (I,-* ■ i]0^ + J jfe ■ J]^ + K jk ■ K\Q l ) - 9 l A 6»j mod w Q 
= dtu) + {J a ))dLu a - ojJ A a£ + YWki^Ye)^ A 1 - 9 l A 3 - mod co a 

a a 

= (dwj-wjAa;*) 

+ E (J a )}(~J^ fc + 5>? fe (J a «0 fc A 0' - 0* A 9, mod w a 



12 

By alternation, we have 



\ R U - E ( ja )H^ + E J ^ J< ^ " 9jt ■ Si ) fc A £ mod Wo . 

a a / 



.12) 2? M = R) M -Uj2 ( ja )) ja ki ~ E J M J< ^ + E J ^( J<I )fe + (Si'Sk 

\ a a a 



9jkS l e 



Recall the space of all curvature tensors 7?.(Sp(p, q) ■ Sp(l)). (See pQ for example.) It decomposes 
into the direct sum lZo(Sp(p, q) -Sp(l))07?.Hp(Sp(p, q) -Sp(l)) (n > 2). Here IZo is the space of those 
curvatures with zero Ricci forms and IZmp ~ K is the space of curvature tensors of the quaternionic 
pseudo-Kahler projective space HP P ' 9 (cf. Definition 13. 21 . 

Case n > 2. Since we know that Rj ie — Rjg = (An + 8)gjg from i|5.3|) . the curvature tensor 
T = (Tj ke ) satisfies the tracefree condition: 

Tjt = (Tju) = (An + %)g jt - (3 • 3g jt + (An - l)g jt } = 0. 
This implies that our curvature tensor T belongs to lZo(Sp(p, q) ■ Sp(l)) when n > 2. 
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Case n = 1. When dim M = 7, either p = l,q = or p = 0,q = 1. Choose the orthonormal basis 
{ei}i = i,2,3,4 with e\ = e, e 2 = Ie, e 3 — Je, — Ke. Form another curvature tensor: 



(8.13) 



kf 



+JjeJl - JjkJ} + UjJu + KjpKl - K jk K\ + 2KjK ke 
For any two distinct , ej , 



/ /' T-P.-l •»/ /' • IP— T P. 

= 9jj + 3 



2 e/j t/jj 



Since i 7^ j and e^- is either one of ±/e.;, ± Je i; ±if e i; Zy + + if^ = 1 (for example, if = /ej, 

then /j 2 = 1, Jj = 0, ifj = so that iyJj — gjj-) Thus, R']ij = ^9jj- It follows from the Schur's 
theorem (cf. ^1 for example) that 

(8.14) R% = 4(g je 5i - g jk 5\). 

When n = 1, we conclude that 

(8-15) T) kl = R) kl - R') kl = R) kl - 4( gji Sl - g jk 8\). 

As the curvature R l j k £ satisfies the Einstein property from H5.3[) : Rji = 4 • 3gj£, the scalar curvature 
<7 = 4- 12. On the other hand, the curvature tensor R^ k ^ has the decomposition: 

4- 12 



l jke ~ w jkt ^"4.3 
in the space 7£(SO(4)) where SO(4) = Sp(l) • Sp(l). Hence, 
(8.16) T) u = W] u e 72o(SO(4)) 

for which W* M is the Weyl curvature tensor (of (U/£,g)). 

Case n = 0. If dim M = 3, then the above tensor is empty, so we simply set T — 0. Define the 
Riemannian metric on a neighborhood U of a 3-dimensional pseudo-conformal quaternionic CR 
manifold M: 



-{901 ~ 9]k5 l e) 



.17) 



g x {X,Y) = ui{X) ■ ui(Y) + uj 2 {X) ■ u> 2 {Y) + lo 3 (X) ■ uj 3 (Y) 



(V X,Y e T X U). Suppose that J = X-lj- A. Since (lu'i, u' 2 , w'3) = u 2 ■ (ui, w 2 , u 3 )A for A e SO(3), 
the metric g changes into g' = to' \ ■ ^'1 + ^'2 ■ ^'2 + ^'3 ■ ^'3 satisfying that 



(8.18) 



/ x (x,r) = M 4 -.9*(A,y) (v a,f eiw). 



Then <?' is conformal to g on [/. Define TW(ui) to be the Weyl-Schouten tensor TW(g) of the 
Riemannian metric g on £/. Then, it turns out that 

(8.19) TW(lo') = TW(lo). 

As a consequence, TW(u) is an invariant tensor of U under the change to' = A • lo • A. 



30 



9. Uniformization of pseudo-conformal QCR structure 

If {uj( a \ (j( a ) , j( a \ K^),gr a ), U a } a( z\ is a pseudo-conformal quaternionic CR structure on M 
where U U a — M, then we have the curvature tensor — (^T*^) on each (U a ,u>^) (n > 1). 

Similarly, TW {a) = W(w' a) ) on (U a ,J a) ) for 3-dimensional case (n = 0). Then it follows from 
Proposition O and ijOty that if lu^ = A Q/3 • Lo {a) ■ X af3 on U a H Up, then 

By setting T\U a = T< Q ) (respectively TW\U Q = TW<- a >), the curvature T (respectively TW) is 
globally defined on a (An + 3)-dimensional pseudo-conformal quaternionic CR manifold M (n > 0). 
This concludes that 

Theorem 9.1. Let M be a pseudo-conformal quaternionic CR manifold of dimension 4n + 3 
(n > 0). If n > 1, there exists the fourth-order curvature tensor T — (Tj M ) on M satisfying that: 

(i) When n > 2, T — {T* ki ) € TZo(Sp(p, q) ■ Sp(l)) which has the formula: 

T ]u = Rjia - {idj^k ~ 9jkSi) + Ijill - Ijkl} + Hjhi 

+JjtJl — JjkJ} + 2JjJ« + KjiK\ — KjkK\ + 2KjKkt |. 

(ii) When n = 1, T = (Wj kt ) 6 7£o(SO(4)) which has the same formula as the Weyl conformal 
curvature tensor. 

If n = 0, there exists the fourth-order curvature tensor TW on M which has the same formula as 
the Weyl-Schouten curvature tensor. 

We associated to a pseudo-conformal quaternionic CR structure ({oj a }, {Ja}, {£a})a=i,2,3 the 

3 

pseudo-Sasakian metric g = uj a ■ ui a + ir*g on U for which £—>(U,g) (U/£,g) is a pseudo- 

a=l 

Riemannian submersion and the quotient (U/£,g, {Ii, Ji, Ki}i^\) is a quaternionic pseudo-Kahler 
manifold by Theorem 14. 61 Let ^Rj^i (respectively Rj ke ) denote the curvature tensor of g (respec- 
tively g). If i?MP is the generator of 7^hp(Sp(j>, q) ■ Sp(l)) ~ R (n > 2), then it can be described as 
(cf. CP): 

3 3 3 

(9.2) R mr = (gjigik - g k9u) + E J^J« - E J i fe J ^ + 2 E J « J « 

a— 1 a— 1 a— 1 

where k,£ run over {1, • • • , An}. Then the formula (12.8) of curvature tensor of g (n > 1) 
shows the following. 

Lemma 9.2. 

/ 3 3 3 \ 

**Rv*t = {9) R^i + E J£ J& ~ E J V"* + 2 E J « J « 

(y^J \a=l o=l o=l / 

= ^Rijkt ~~ (gjidik — gjkSu) + Rmf- 
We now state the uniformization theorem. 
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Theorem 9.3. (1) Let M be a (4n + i)- dimensional pseudo-conformal quaternionic CR manifold 
(n > 1). If the curvature tensor T vanishes, then M is locally modelled on S Ap+3,Aq with respect to 
the group PSp(p + l,q + 1). 

(2) If M is a "i- dimensional pseudo-conformal quaternionic CR manifold whose curvature tensor 
TW vanishes, then M is conformally flat i.e. (locally modelled on S 3 with respect to the group 
PSp(l,l)). 

Proof. Using Q5.2JI and 1|9.2() . the formula of Theorem 19 . II becomes 
(9.4) T- ke = n*Rj M - Rgp- 

Compared this with (|9.3(l . we obtain that 

(9-5) T) u = ^R) M - (g je 6l - g jk 8\). 

The equality (|9.5(l is also true for n = 1. In fact, when n — 1, i?np = 4(^5| — gjkS}) (cf. 1|8.13[1 . 
(EH) and from {£3, [g) R) k i ~ (rf ~ 9jkSj) = ir*R) ki - Rmp = T] u by EE). 

Suppose that T (respectively TW) vanishes identically on M . First we show that M is locally 
isomorphic to S 4p+3Aq (respectively M is locally isomorphic to S" 3 .) As T\U a = { (a) T l ]M ) = on 
U a , for brevity, we omit a so that T — (Tj M ) vanishes identically on U for n > 2. As a consequence, 

(9.6) i9) RW=9jt §i k-9jk5i onV\U. 

Since (U,g) is a pseudo-Sasakian 3-structure with Killing fields {^1,^2,^3}: the normality of 1(4.19|1 
can be stated as (9) R(X, £ a )Y = g(X, Y)£ a - g(( a , Y)X (cf. [2HJ)- It turns out that 

(9.7) {9) R{^ X, Y, Z) = g(X, Z)g({ a , Y) - g(X, Y)g(£ a , Z) 

(VX, Y,Ze TU). Then (|9.6[1 and l|9.7|) imply that (U, g) is the space of positive constant curvature. 
As Rj ke = Rwp by (|9.4|l . the quotient space (U/£,g) is locally isometric to the quaternionic pseudo- 
Kahler projective space (WW>i,g ). (Note that if T] M = for n = 1, then n*fr jkt = R) kl = 
4:(Sji5l — 5jk5\) from 18.15fl . When p = 1, q = 0, the base space (U /£,g) is locally isometric to the 
standard sphere S 4 which is identified with the 1-dimensional quaternionic projective space HP 1 . If 
p = 0, q = 1, then (U/£, g) is locally isometric to the quaternionic hyperbolic space Hjj = HP 0,1 in 
which we remark that the metric g is negative definite.) Hence, the bundle: £—>({/, 17) >■ (U/£,g) 
is locally isometric to the Hopf bundle as the Ricmannian submersion (n > 1) (cf. Theorem 13.4(1 : 

Sp(lM4 P+3 < 4 ^ 5o )^(HP™,5o). 

This is obviously true for n = 0. 

Let ip : (U, g)^('S'^ )+3 ' 4:q , go) be an isometric immersion preserving the above principal bundle. 
If Vq = {£,1 , £2 1 £3} 1S the distribution of Killing vector fields which generates Sp(l) of the above 
Hopf bundle, then we can assume that (/?*£ a = £a (a — 1)2,3) (by a composite of some element 
of Sp(l) if necessary). As to a {X) = g(£ a ,X) (X g TU) and LO° a (X) = g (£ a ,X) (X g T^ +3M ) 
respectively, the equality g = f*ga implies that 

(9.8) to a = <p*u° a (a = 1,2,3), u = <p*LJ . 

If we represent (p*6 l = Q k T k + w a u* for some matrix Tj and g R, then the equality y>»£ a — 

a 

shows that = for i = 1, • • • , An. Thus, 

(9.9) tp*6 l = 9 k T l k . 
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For each a £ A, we have an immersion ip a : U a — +Eg P+3,4? as above so that there is a collection of 
charts {U a , tp a } a eA on M. Put g a p — tpp o ip a ~ l : Lp a {U a D Up)—np/3(U a HL^g) when U a nUp ^ 0. It 
suffices to prove that extends uniquely to an element of PSp(p + 1, g + 1) = AutQCi?(5' 4p+3 ' 49 ). 
Suppose that 

(9.10) w<0 - * - (a) ~-- 2 



A • a; 



( a) -\ = u 2 - a- u) {a) - a on U a f)Up^ 



where X — u ■ a. The immersions (p a : U a — s-Ej^' 3 '""', ipp : Up— >ES'~ I ~ J '* 9 satisfy oA"- 1 = <^qWo, 



^4p+3,4<j . rr ^ v 4p+3,4g 

\ LI ' LI. 111C 11I1111VJ1 OlUllD . KJ q, ?Z 

£jW = (^ljq as in (|9.8|) . If wc put /i = A o (^ Q _1 on (p a {U a PI t/^a) , then the above relation shows 
that 



(9.11) 



Using the equation that du^ (X, Y) = g {a) (X, J ( a a) Y) (V X,Y €V,a= 1,2,3) from (£3, calculate 
that 

^(fejWl.^J) = dLJ a (4 a >X,Y) = g {a) (X,Y) 

= g {ip a «X, tp a *Y) = duJa{Ja^Pa*X, ip a *Y). 
As dw^ is nondegenerate on V, for each a € A we have 



(9.12) 



Pa 



4 a) = J2°<Pa* onV (a = 1,2,3). 



Let <p*J l = 9\ a) ■ {a) T l k for some matrix ^T l k as in (^3- Then 1?TLH means that ^Tf ■ {J a ) J k = 

. («)T^', which implies that (q) T^ e GL(n,H). As g^ a \X,Y) = g {tp a * X, tp a *Y) from 
this reduces to 



(9.13) 



(Q) ^GSp(p,g). 



Let {w( Q ), ^( Q )}i=i,-- {^08)) w ( y g)}»=i,— ,n be two coframes on the intersection U a f)Up where W( a ) 
is a ImH- valued 1-form and each oj? s is a H- valued 1-form, simlarly for (3. Noting (|9.1U|) . the 
coordinate change of the fiber H n satisfies that 



( "V* \ / A 



(9.14) 



(/?) 



V 



A 





v l 


U' 



1. 1 L 



• A. 



In order to transform them into the real forms, recall that GL(n, H) • GL(1, H) is the maximal closed 
subgroup of GL(4n,R) acting on R 4 ™ preserving the standard quaternionic structure {I, J, K}. For 
each fiber of V a (= Dp), there exists a matrix U = (Uj) = U' ■ A S GL(n, H) • GL(1, H) such that: 



e< a >=E7je<« 



(9.15) 

with respect to the basis {ej ^}.,; € (T> a ) x , {e^ } x € (Dp) x . From Corollarv ll.2l 

±u 2 4. - ^5( Q )(ei Q) ,e^) = fl W (^ei«,E^ef) = i^U?', 

so (it -1 ^) S Sp(p,g) ■ Sp(l) = GL(n,H) ■ GL(1,H) n SO(4p,4<?) up to conjugacy (n > 1). Put 
U = (U l k ) = (u^Ul) e Sp(p, 9 ) • Sp(l), then 



(9.16) 



£/ = «i; = (ui^)eSp(p J «)-Sp(i)x 
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Using coframes {@(p)} (induced from {w^, ^\p)}i=i,--- ,n), the equation H9.15J1 translates into 

fji ^v, 

'(P) ~ "(° 



= 9 k [a) Ul on V. Using it follows that 



fy) = O k (a) Ut + £ 4 Q) ' < on (7 Q n Up. 



0=1 



Here are determined by v % , see (|6.12|l . Then, 

(917) =(^-Tf(^)^ + E-i Q) -^)- (/3) r; 



- a 1 . i{a) T -^ k 



a=l 

3 



If we put S = (5|) = (( (Q) T • f/jj • C^Tj), then (FH7)I) and EH3t imply S* S Sp(p, q) ■ Sp(l) x K+. 
Therefore, g a p satisfies the conditions of (|6.12|) from (|9.11|) . I|9.17|l . Then the diffeomorphism g a p : 
ip a {U a n Up)->Lpp{U a n Up) is viewed locally as an element of kvX QC R{S 4p+3Aq ) = PSp(p+ 1, q+ 1) 
because T^ +3Aq C S ip+3Aq . As PSp(p+ l,q+ 1) acts real analytically on S ip+3Aq , g a p extends 
uniquely to an element of PSp(p + l,g + 1). Therefore, the collection of charts {U a , tp a }aeA 
gives rise to a uniformization of a pseudo-conformal quaternionic CR manifold M with respect to 
(PSp(p+l )(Z + l),S 4 P+ 3 > 4 «). 

Recall the 3-dimensional conformal geometry (PO(4, 1), S 3 ) for which the orthogonal Lorentz 
group PO(4, 1) is isomorphic as a Lie group to PSp(l, 1). Then the same is true for (PSp(l, 1), S 3 ) — 
(PO(4,l),S 3 ) (n = 0). 

□ 



10. Quaternionic bundle 

It is known that the first Stiefel- Whitney class is the obstruction to the existence of a global 
1-form of the contact structure and the first Chern class is the obstruction to the existence of a 
global 1-form of the complex contact structure respectively. It is natural to ask whether the first 
Pontrjagin class pi(M) is the obstruction to the existence of global 1-form of the pseudo-conformal 
quaternionic structure (respectively pseudo-conformal quaternionic CR structure) on a (4n + 3)- 
manifold M (n > 1). In order to see that, we need the elementary properties of the quaternionic 
bundle theory. However our structure group is GL(n,H) • GL(1,H) but not GL(n,H). To our 
knowledge the fundamental properties of the bundle theory in this case are not proved explicitly. 
So we prepare the necessary facts. Let T> be the 4n-dimensional bundle defined by V = U T> a where 

a 

V a = V\U a = Null in which there is the relation on the intersection U a n Up: 

(10.1) uj {i3) = A • w (q) • A = u 2 ■ auj {P) ■ a where A = u ■ a e H*. 

We have already discussed the transition functions on D in > I9.14I fcf. (0). In fact, 
The gluing condition of the quaternionic bundle D in U a D Up is given by 



( vi a) \ 




( «P \ 




= uT 




V ^ ] ) 




\ W J 
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in which u(T ■ a) G Sp(n) • Sp(l) x M+. 

Definition 10.1. A quaternionic n- dimensional bundle is a vector bundle over a paracompact 
Hausdorff space M with fiber isomorphic to the n-dimensional quaternionic vector space H". For 
an open cover {U a } a ^A of M , if U a (1 Up =/= 0, then there exists a transition function g a p : U a n 
Up-^GL{n,E) • GL(1,H). 

As a consequence, T> is a quaternionic n-dimensional bundle on M. 

As GL(1,H) • GL(1,H) w SO (4) x R + , the quaternionic line bundle is isomorphic to an oriented 
real 4-dimensional bundle. Define the inner product (,) on H n by 

(z, w) = z\Wx H h z n w n . 



Then, (, ) satisfies that (z, w ■ X) = (z, w) -A, (z ■ A, w) = \{z, w), (z, w) = (w, z) for A e H, and so 
on. By a subspace W in H™ we mean a right H-module. Choose vq S H". Let V — {vq ■ A | A € H} 
be a 1-dimensional subspace of H n . Denote V 1 - = {v e H"| =0,Vi£ V}. Then it is easy 

to check that V 1 - is a right H-module for which there is a decomposition: H™ = V © as a right 
H-module. The following is a quaternionic analogue of the splitting theorem. 

Proposition 10.2. Given a quaternionic n-dimensional bundle there exists a quaternionic line 
bundle (i = 1, • • • , n) over a paracompact Hausdorff space N and a (splitting) map f : N^M 
for which: 

(1) /*£ = eie--e£ w . 

(2) /* : H*(M)->H*(N) is injective. Moreover, 

(3) TTie bundle isomorphism 6 : £i © • • • © £„— >£ compatible with f can be 
chosen to preserve the inner product. 

Proof. Let H" — {0}^£o — — ► M be the subbundle of £ consisting of nonzero sections. Noting 
that H™ is a right H-module, it induces a fiber bundle with fiber the quaternionic ?i-dimensional 
projective space HP" -1 : 

HP n-1 ^Q -U M. 

Since the cohomology group H*(MP n ~ 1 ; Z) is a free abelian group, q* : H* (M)^H* (Q) is injective 
by the Leray-Hirsch's theorem (cf. [20].) Put 

tt = {(£,v)eQxS \ q(£) = 7r(v)}. 

Then, ((?*£, pr, Q) is a quaternionic bundle. Let £i = {(£, v) £ q*£ \ v G £} which is the 1-dimensional 
quaternionic subbundle of q*£,. Choose a (right) H-inner product on £. Then it induces a (right) 
H-inncr product on q*^ such that the bundle projection Pr : preserves the inner product 

obviously. Moreover, we obtain that 

Since £i is an (n — l)-dimensional quaternionic bundle over Q, an induction for n — 1 implies 
that there exist a paracompact Hausdorff space N and a splitting map f\ : N^Q such that 
fUi = 6 © • • • © £n and /* : H*(Q)^H*(N) is injective. If 6i : 6 © • • ■ © ^n^i ± is the bundle 
map compatible with /i, then by induction &i preserves the inner product on the fiber between 
and Putting f = q°ff. N^M, we see that /* : H*(M)^H*(N) is injective 
and /*£ = /^i © ^ 2 © • • • © Cn- Let Pri x 6i : jftft © (6 © • • • © Cn)-^! © £1" be the bundle map. 
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Then the map Pr o (Pn x 61) : © £ 2 © • • • © £n — >£, is compatible with / and preserves the 
inner product. This proves the induction step for n. 

□ 

Let £ be a quaternionic line bundle over M with gluing condition on U a n Up: 
(10.2) z a — \(x)Zjj\x(x) = u(x) ■ b(x)zpa(x) (u > 0, a,b S Sp(l)). 

Consider the tensor £ ©£ so that the gluing condition on U a H Us is given by 

H 

(z a © z a ) = u 2 (x)a(x)(zf)b(x) © b(x)za)a(x) 

H H 

= u 2 (a:)a(a;)(z/3 © z^)a(x). 

M 

Then £ © £ is a quaternionic line bundle over M whenever £ is a quaternionic line bundle. 

H 

Lemma 10.3. //£©£ is viewed as a 4- dimensional real vector bundle, then Pi(£© £) = f>i(£) + 

H H 

Moreover, pi(f) =Pi(0 so that Pl (£®0 = 2p x (£). 

Proof. Let 7 be the canonical 4-dimensional real vector bundle over £?SO(4) (cf. [201 )■ Then, 
£ is determined by a classifying map / : M— »-BSO(4) such that /*7 = £. Let pr, ; : £?SO(4) x 
£?SO(4)^£>SO(4) be the projection (i = 1, 2). As 7 inherits a quaternionic structure from £ through 

the bundle map, there is a quaternionic line bundle prT7©pr,7 over £?SO(4) x BSO(4). Now, let 

H 

h : BSO(4) x 5SO(4)-^i?SO(4) be a classifying map of this bundle so that h*j = prT7©prn7. 

H 

When ^ : _BSO(4)^£>SO(4) x i?SO(4) is the inclusion map on each factor, t*pr|7 is the trivial 
quaternionic line bundle (we simply put 9l) and so b[h*pi{^) = t?pi(prt 7 © pr?7) = Pi(7©#h) = 

H H 

Pi (7). Similarly, i^^Piil) = Pi(l)- Hence we obtain that 

h*P\{i) = Pi (7) x 1 + 1 x Px(7)- 

Let /' : Af^_BSO(4) be a classifying map for £ such that /'*7 = £. Then the map h{f x /)d 
composed of the diagonal map d : M—>M x M satisfies that 

x /)d)*7 = /'* W*7 = £"©£. 

H H 

Therefore, Pl (£®0 = <f (/' x /)*( Pl ( 7 ) x 1 + 1 x Pl ( 7 )) = Pl (f'*j) + Pi(/* 7 ) = Pi(0 + Pi(0- 

H 

Next, the conjuagte £ is isomorphic to £ as real 4-dimensional vector bundle without orientation. 
But the correspondence (l,i,j,k) 1— > (1, — i, — j, — fc) gives an isomorphism of £ onto (— 1) 3 £. And 
so, the complcxification £c of £ (viewed as a real vector bundle) is isomorphic to (— l) 6 £c = 6c- By 
definition, pi(£) = pi(6)- 

□ 

10.1. Relation between Pontrjagin classes. Suppose that {uj( a \ (I^ a \ j( a >, K^), gr a \, U a } ae \ 
represents a pseudo-conformal quaternionic structure T> on a (4n + 3)-dimensional manifold M = 
U f/ a . Let L be the quotient bundle TM/V. Choose the local vector fields {({ ,Q ,d } 011 

each neighborhood U a such that wi"^(^ Q ' ) ) = # Q 6- Then, £|J7 a is spanned by {61 }i=i,2,3 for each 



3(5 



a e A. Moreover, the gluing condition between L\U a and L\Up is exactly given by 



(10.3) 



C/3) 



(a) 



S3 



(Compare Definition O) It is easy to see that ' 4^"° = ■ ^ . We can define a 



section 9 : TM—>L which is an L-valued 1-form by setting 



(10.4) 



\U r 



.(«) 

^2 ' ?2 



o=l 



,(«) *(<*) 



S, 



Then there is an exact sequence of bundles: 1— ►X'— >TM — > L— >1. 

Let ii 1 be the 1-dimensional quaternionic line bundle obtained from the union U a 

identifying 



by 



aeA 



(10.5) 



(j>, z a ) ~ (g, 2^) if and only if 



p = qeU a n_Up, 

z a = A • Zp • A = u 2 a • z/3 • a. 



If i is the Whitney sum composed of the trivial (real) line bundle 9 on M, then it is easy to 
see that L © 9 is isomorphic to the 1-dimensional quaternionic line bundle E. Then the Pontrjagin 
class pi(E) = pi(L © 0). We prove that 

Theorem 10.4. The first Pontrjagin classes of M and the bundle L has the relation: 

2pi(M) = (n + 2) Pl (L®9). 

Proof. As I? is a quaternionic bundle in our sense, there is a splitting map / : N—>M such that 
f*T> = & © • • • © £„ from Proposition HO Let * : £i © • • • © £ n — >Z> be a bundle map which is 
compatible with /. Since \& is a right H-linear map on the fiber at each point x € N, we can 
describe 



P(x) 



( v, 



for some function P : N— >GL(n, H). With respect to an appropriate inner product on D and the 
direct inner product on £i © • • • ©£„, \& preserves the inner product between them by (3) of Theorem 
110.21 which implies 



(10.6) 



P(x) € Sp(n). 



We examine the gluing condition of each on / x (U a )nf 1 {Up) ^ 0. For x S / 1 (J/ Q )n/ 1 (C//3), 



let 



,(<*) 



£ &I/ 1 (^a)- Suppose that there is an elemt S ^iT/j) such that u. 



.,(«) 



,03) 



i.e. 



,(«) 



,n). 
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f 4 a) 


\ 






\ 


^{vf ] ) at f{x), it follows from JTEJl that W 






= uT • * 










) 






/ 



Since ^{v\ a) ) 

a at /(a;) € U a n [/g where T £ Sp(n). As 





/ (") 












( A p) 


\ 




( v& 


\ 




p 






= # 






= uT-P 












■ a 




(a) 


J 




(a) 








) 






J 





it follows that 



u{P~ l TP 



V V ( n ] J 

Since = \vf'jJ,i as above, we have 



( A x (x) 



(1) u(x)P(x)- 1 T(f(x))P(x) 
( fii(x) ■■■ 



(2) 





o '•■ 

V fi n (x) 




From (|10.6|) and (1), calculate 
/ |Ai| 2 



V o 





\K\ 2 



u ^p-^-TP o p*T*P = u% 



Hence, Aj = u ■ vi where Vi = Aj/|Aj| € Sp(l). It follows from (2) that fa = a for each i. We have 
that 

(10.7) v\ a) =u(x)-P i (x)vf ) a(x) (i = 1, ■ ■ ■ , n). 

Therefore each is a quaternionic line bundle over N with the above gluing condition Hl(J.7f) on 
f~ 1 {U a )^f~ l {U{)). If we consider the tensor £j £g>£j, then the gluing condition on f~ 1 {U a )r]f~ 1 (Up) 

is given by 

(tij 00 <8> v\ a) ) = u 2 (x)a(x)(vf } ®vf ] )a(x). 
In view of (1TU31) . we see that f (Lffifl 1 ) = (i = 1, ■ • • ,4n). By Lemma ITTH1 fftfLffifl 1 ) = 

H 

2pi(&) for each i. Since /*pi(X>) = + ' ■ • + Pi(Cn) mod 2-torsion in H 4 {N;Z), f*{2 Pl (V)) = 

2pi(Ci) + ••• + 2pi(f„) = n/*pi(£ © 1 ) = nfpi(L). As /* is injective, 2p x (X>) = n Pl {L) in 
H 4 (M:Z). Noting TM = V®L, we have 2p x (M) = (n + 2)p x (L). □ 

Corollary 10.5. Let (M,T>) be a (4n + 3) -dimensional simply connected pseudo-conformal quater- 
nionic manifold associated with the local forms {uj^ a \{I^ a \j^ a \K ly0 ^),g( a ^ 1 U < ^\ at z^. Then the 
following are equivalent. 

(1) 2pi(M) = 0. In particular, the rational Pontrjagin class vanishes. 



38 



(2) L is the trivial bundle so that {£a} Q =i,2,3 exists globally on M . 

(3) There exists a global ImR-valued l-form lu on M which represents a pseudo-conformal 
quaternionic structure T> . In particular, there exists a hypercomplex structure {I, J, K} on 
V. 

Proof. First note that the Whitney sum L 6 1 is the quaternionic line bundle E with structure 

group lying in SO(3) x R + c Sp(l) • Sp(l) x R+. As above we have the quaternionic line bun- 

t 

die of €-times tensor £g> E with structure group SO (3) x R + . Viewed as the 4-dimensional real 

H 

vector bundle, it determines the classifying map g : M— »B(SO(3) x R + ) = _BSO(3). Note that 
p : £>(Sp(l) x R + )^£>(SO(3) x R+) is the two-fold covering map. As M is simply connected by 
the hypothesis, the map g lifts to a classifying map g : M^BSp(l) such that g ~ p o g. Let 
7 be the 4-dimensional universal bundle over £?SO(3). (Compare J20 ; .) Then the pull back p*^ 

is the 4-dimensional canonical bundle over £>Sp(l) = HP 00 whose first Pontrjagin class pi(p*7) 

l 

generates the cohomology ring H * (HP 00 ; Z) . So the bundle <g> E is classified by the map g where 

H 

[y] = 9*Pi{p*l) € H 4 (M; Z), which coincides with E). 



n+2 

1 => 2. If 2px(M) = 0, then Theorem HOI shows (n + 2)p 1 (L) = 0, i.e.pi(( <g> E)) = 0. (See 

H 

n+2 

Lemma 1 10. 31 ) Hence, the classifying map g : M— >BSp(l) for ® E is null nomotopic so that 

H 

n+2 

9*P*1 = ® E v& trivial. There exists a family of functions {h a } £ Sp(l) x R + such that the 

H 

n+2 

transition function g a p{x) = 6 h(a, (3){x) (x <E U a n Up). As the gluing relation for ® E is given 

M 

by u 2 Jp +2 ^ a a p ■ z ■ a a p, letting h a — a a ■ u a G Sp(l) x R + , it follows that 

u 2(n+2) _ _ z _ ^ _ _ u^upa^p ■ z ■ apa a {z € H). 

2f 2 s ) 1 l 

Then, itj^ = u^up S R + and a Q/ 3 = ±a^a Q . As w Q /3 > 0, it Q /3 = (it" 1 ) 2 <™+ 2 > • u^ ( ™ +2) . Since 
the gluing relation of -E = L © is given by z a 
calculation shows z„ 



\p ■ a af3 ■ Zf) ■ a aP , putting u' a = {u a ) (™+ 2 ) . 



i/3 2 • o-a(i ■ zp ■ a aj 3 = u' a 1 u' p ■ a a ap ■ zp ■ apa a . Moreover if C(a) S SO(3) 



is the matrix defined by a a 



J 
k 



C(a) 



J 
k 



(similarly for C(/3)), then 



(10.8) ulp ■ A al3 = u'Ju'p ■ C{a)~ l o C(fi). 

Substitute this into (|10.3|) . it follows that 



(a) 



u' a ■ C(a) | ^ | =«V C(/3) 



We can define the vector fields {£1,^2, £3} on M to be 



(10.9) 




\U a = u' a -C(a) 



S2 



on u a n Up. 



:V.) 



Then {^1,^2,^3} spans L, therefore, L is trivial. 

2 3. Since {wf \ \ wf >) = (u[ a) , J«\ tjM)u 2 a p ■ A a/3 , (tTTDfl) implies that 

(w x , w 2 ,w 3 )u p ■ G(p) — (uj 1 ,w 2 ,w 3 j-u Q -0(a) on U a r\Uj3. 
Then, the ImH-valued 1-form lo on M can be defined by 



(10.10) to\U a = (wW.^.wW)^ 1 • C(a)" 




Note that w satisfies that w|C/ Q = A Q • lo^) ■ X a for some function X a : U a — *H* (a € A). Recall that 
two quaternionic structures on (7 a fl [/g are related: 

/ 

As A Q/3 = C(a)- 1 o C(/3), it follows that 

/ \ / 

(10.11) C(a) • = COS) • J (/3) 

V km J V 

/ 1 \ f IM \ 

Letting J I |{7 a = C{a) ■ JW , there exists a hypercomplex structure {I,J,K} on T>. 
\K J \ j 

3 =>• 1. If the global ImH-valued 1-form u; exists, then w defines a three independent vector fields 
isomorphic to L, i.e.pi(L) = 0. 

□ 
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